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Preface

Theory of approximate transformation groups is a new direction in Lie group
analysis of differential equations. It has been developed in [2], [3] for tackling
differential equations with a small parameter.

The challenge has been as follows. The classical Lie group analysis
allows one to single out equations with remarkable symmetry properties
among differential equations used in mathematical modelling. However,
small perturbations of model equations may break the admissible group
thus reducing the value of group methods in general applied sciences. For
example, it is well known that the Burgers equation

ut = uux + uxx

and the Korteweg-de Vries equation

ut = uux + uxxx,

considered separately, have infinite sets of symmetries. On the other hand,
the combined Burgers-Korteweg-de Vries equation

ut = uux + ε(auxxx + buxx)

with non-vanishing parameters a, b, ε does not have this remarkable prop-
erty. Therefore, development of methods of group analysis that are stable
with respect to small perturbations of equations has become vital. An at-
tempt to develop such methods has been undertaken in [2].

Our approach is based on the concept of approximate transformations
and a representation of local Lie groups by approximate transformations.
The extension of Lie’s infinitesimal characterization of local groups to ap-
proximate transformation groups leads to approximate Lie algebras and ap-
proximate symmetries of differential equations with small parameters. This
extension augments possibilities of the classical Lie group analysis by adding
stability with respect to small perturbations of mathematical models. For
instance, the infinite series of symmetries of the Burgers equation and the
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ii PREFACE

Korteweg-de Vries equation do not disappear when we combine them to-
gether as above, but pass from the category of “exact” symmetries to the
new category of “approximate” symmetries [3]. Numerous examples show
that symmetries of many other physically interesting differential equations
are stable with respect to small perturbations (see [7], Chapter 9).

The new theory maintains the basic attributes of Lie group analysis. In
particular, in the classical Lie group theory, one-parameter transformation
groups with given infinitesimal generators are obtained either by solving
the Lie equations or applying the exponential map. The same construc-
tions apply to approximate transformation groups by adding the adjective
approximate to the generators, Lie equations and exponential map.

Applications of the new theory show that approximate transformation
group techniques often simplify calculations significantly. Examples are,
e.g. the solution of generalized Killing equations for conformal groups and
simplification of the theory of relativity in the de Sitter space (see [10]).

Moreover, approximate symmetries can help to solve with a desired ac-
curacy differential equations that have no Lie point symmetries and hence
cannot be solved by Lie group methods. An example of this kind, namely
the equation

y′′ − x− εy2 = 0

will be discussed in Section 4.1.1.
These notes provide an easy to follow introduction to the topic and are

based on my talks at various conferences, in particular on the plenary lec-
ture at the International Workshop on “Differential equations and chaos”
(University of Witwatersrand, Johannesburg, South Africa, January 1996).
The book is prepared for the new graduate course “Approximate trans-
formation groups” that will be given at Blekinge Institute of Technology
during January-March, 2009.

Karlskrona, 25 December 2008 Nail H. Ibragimov
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Chapter 1

Preliminaries

1.1 Motivation

The initiation and subsequent development of the theory of approximate
transformation groups were inspired by the following circumstances.

A variety of differential equations recognized as mathematical models
in engineering and physical sciences, involve empirical parameters or con-
stitutive laws. Therefore coefficients of model equations are defined ap-
proximately with an inevitable error. Consequently, differential equations
depending on a small parameter occur frequently in applications. Unfor-
tunately, any small perturbation of coefficients of a differential equation
disturbs its symmetry properties. This instability of Lie symmetries was
the first circumstance that led us [2] to the idea of modifying Lie’s theory
by introducing the concept of approximate transformation groups.

The second circumstance is that utilization of Lie group techniques may
lead to unjustified complexities. This happens, e.g. in developing the theory
of relativity in the de Sitter space-time (see [10]) with the metric

ds2 = −
(
1 + εσ2

)
−2

4∑

µ=1

(dxµ)2, σ2 =
4∑

µ=1

(xµ)2.

Here the following notation is used:

(x1, x2, x3, x4) = (x, y, z, ict), i =
√
−1,

where c = 2.99793 × 1010 cm/sec is the velocity of light in empty space,
ε = K/4 withK denoting the curvature of the de Sitter universe. According
to cosmological data, the curvature K is a small constant (∼ 10−54 cm−2),
and hence ε can be treated as a small parameter. We assume here that
ε ≥ 0. The de Sitter group (i.e., the group of isometric motions in the
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2 1. PRELIMINARIES

de Sitter space-time) differs from the Poincaré group (i.e., the group of
isometries in the Minkowski space-time) in that the usual translations of
space-time coordinates xµ are replaced by more complicated transforma-
tions, the so-called “generalized translations” in the de Sitter space-time.
The generalized translation, e.g. along the x1 axis has the generator

X =
(
1+ε[(x1)2−(x2)2−(x3)2−(x4)2]

) ∂

∂x1
+2εx1

(
x2

∂

∂x2
+x3

∂

∂x3
+x4

∂

∂x4

)
.

The corresponding group transformations (with the group parameter a)
have the form

x̄1 = 2

x1 cos(2a
√
ε) +

1− εσ2

2
√
ε

sin
(
2a
√
ε
)

1 + εσ2 + (1− εσ2) cos(2a
√
ε)− 2x1

√
ε sin(2a

√
ε)
, (1.1.1)

x̄j = 2
xj

1 + εσ2 + (1− εσ2) cos(2a
√
ε)− 2x1

√
ε sin(2a

√
ε)
, j = 2, 3, 4.

However, since ε is small, it is sufficient to use an approximate expres-
sion of these transformations, e.g. by expanding them in powers of ε and
considering only the leading terms of the first order. That is, to consider
the de Sitter group as a perturbation of the Poincaré group by the cur-
vature K. Then the result is given by the following simple approximate
transformation:

x̄1 ≈ x1 + a+ ε
(
[(x1)2 − (x2)2 − (x3)2 − (x4)2]a+ x1a2 +

1

3
a3
)
,

x̄j ≈ xj + ε(2ax1 + a2)xj, j = 2, 3, 4. (1.1.2)

The question naturally arises of how to calculate this perturbation di-
rectly, without using the complicated group transformation (1.1.1). The
theory of approximate groups gives a method of calculation. Namely, one
can use either the approximate Lie equations or the approximate exponential
map.

We calculate the one-parameter approximate transformation group (1.1.2)
in Example 2.3.4 by applying Theorem 2.3.2 on the approximate exponential
map to the above generator X.
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1.2 A sketch on Lie transformation groups

A brief sketch of the Lie equations and the exponential map is given here
to draw a parallel between the classical and approximate group theories.

1.2.1 One-parameter transformation groups

Let x = (x1, . . . , xn) ∈ IRn. Consider a one-parameter family of invertible
transformations Ta:

x̄ = f(x, a), (1.2.1)

or in coordinates,
x̄i = f i(x, a), i = 1, . . . , n.

The transformation Ta carries the point x ∈ IRn to the point x̄ ∈ IRn.
Here the parameter a ranges over all real numbers from a neighborhood

U ⊂ R of a = 0, and we impose the condition that (1.2.1) is the identity
transformation if and only if a = 0, i.e.

f(x, 0) = x, (1.2.2)

and, conversely, the equation f(x, a) = x with a ∈ U implies a = 0.

Definition 1.2.1. A set G of transformations (1.2.1) is called a continuous
one-parameter transformation group in IRn if the functions f i(x, a) satisfy
the condition (1.2.2) and the group property

f i(f(x, a), b) = f i(x, c), i, . . . , n, (1.2.3)

for all a, b ∈ U , where c ∈ U is a certain (smooth) function of a and b:

c = φ(a, b), (1.2.4)

such that the equation
φ(a, b) = 0 (1.2.5)

has a unique solution b ∈ U for any a ∈ U . Given a, the solution b
of Eq. (1.2.5) is denoted by a−1. The function φ(a, b) is termed a group
composition law.

According to Definition 1.2.1, a continuous groupG contains the (unique)
identity transformation I = T0. Further, the group property (1.2.3) means
that any two transformations Ta, Tb ∈ G carried out one after the other
result in a transformation which also belongs to G:

TbTa = Tc, c = φ(a, b) ∈ U,
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for any a, b ∈ U . The solvability of the equation (1.2.5), together with the
group property (1.2.3), provides the inverse transformation T−1a = Ta−1 ∈ G
to Ta ∈ G:

Ta−1Ta = TaTa−1 = I

for any a ∈ U .

1.2.2 Canonical parameter

Definition 1.2.2. The group parameter a is said to be canonical if the
composition law (1.2.4) has the form

φ(a, b) = a+ b. (1.2.6)

i.e., if the group property is written

f i(f(x, a), b) = f i(x, a+ b), i = 1, . . . , n. (1.2.7)

Theorem 1.2.1. Given an arbitrary group composition law (1.2.4), there
exists the canonical parameter ã. Namely, it is defined by the formula

ã =

∫ a

0

da

A(a)
, (1.2.8)

where

A(a) =
∂φ(a, b)

∂b

∣∣∣∣
b=0

. (1.2.9)

Example 1.2.1. We let n = 1 and consider the transformation

x̄ = x+ ax.

Using Eq. (1.2.3) one can verify that this transformation provides a one-
parameter group where the composition law (1.2.4) has the form

φ(a, b) = a+ b+ ab.

The parameter a is not canonical one. Therefore we apply Theorem 1.2.1.
Eq. (1.2.9) yields:

A(a) = 1 + a,

and hence the canonical parameter (1.2.8) is written

ã =

∫ a

0

da

1 + a
= ln(1 + a).

In what follows, we will adopt the canonical parameter when referring
to one-parameter Lie groups as well as approximate transformation groups.
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1.2.3 Group generator and Lie equations

Let G be a group of transformations (1.2.1) with f(x, a) satisfying the condi-
tion (1.2.2) and the group property (1.2.7). Its infinitesimal transformation

x̄i ≈ xi + aξi(x), (1.2.10)

where

ξi(x) =
∂f i(x, a)

∂a

∣∣∣∣
a=0

, (1.2.11)

is associated with the following generator of the group G :

X = ξi(x)
∂

∂xi
· (1.2.12)

One-parameter groups are determined by their generators according to the
following theorem due to Lie.

Theorem 1.2.2. The transformation (1.2.1), x̄ = f(x, a), satisfies the
group property (1.2.7) and has the operator (1.2.12) as its generator if and
only if it solves the ordinary differential equations (called the Lie equations)

dx̄i

da
= ξi(x̄), i = 1, . . . , n, (1.2.13)

with the initial conditions

x̄i
∣∣
a=0

= xi, i = 1, . . . , n. (1.2.14)

Proof. Let us assume that f(x, a) satisfies the group property (1.2.7):

f i(x, a+ b) = f i(f(x, a), b). (1.2.7)

Let us consider b as an increment of a, i.e. set b = ∆a, and expand both
sides of Eq. (1.2.7) in powers of ∆a keeping only the principal parts. We
have:

f i(x, a+ b) ≈ f i(x, a) +
∂f i(x, a)

∂a
∆a

and

f i(f(x, a), b) ≈ f i(x, a) +
∂f i
(
f(x, a), b

)

∂b

∣∣∣∣
b=0

∆a .

The substitution in Eq. (1.2.7) yields:

∂f i(x, a)

∂a
=
∂f i
(
f(x, a), b

)

∂b

∣∣∣∣
b=0

. (1.2.15)
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According to Eq. (1.2.11), the right-hand side of Eq. (1.2.15) is equal to
ξi(f(x, a)). Invoking that f(x, a) = x̄ and considering Eq. (1.2.15) for any
fixed x, we arrive at Eq. (1.2.13).

Let us prove now that the solution x̄ = f(x, a) of Eqs. (1.2.13)-(1.2.14)
satisfies the group property (1.2.7). Consider, for any fixed x and a, the
functions u = (u1, . . . , un) and v = (v1, . . . , vn) of the variable b defined as
follows:

u(b) = f(x̄, b) ≡ f(f(x, a), b), v(b) = f(x, a+ b).

To prove the group property (1.2.7), it suffices to show that u(b) = v(b) in a
neighborhood of b = 0. Since f(x, a) solves Eqs. (1.2.13)-(1.2.13), one has:

du

db
≡ df(x̄, b)

db
= ξ(u), u

∣∣
b=0

= f(x, a);

and
dv

db
≡ df(x, a+ b)

db
= ξ(v), v

∣∣
b=0

= f(x, a).

Hence, both z = u(b) and z = v(b) solve one and the same Cauchy problem:

dz

db
= ξ(z), z

∣∣
b=0

= f(x, a).

The uniqueness of the solution of the Cauchy problem guarantees that, in
a neighborhood of b = 0, we have u(b) = v(b), i.e.

f(f(x, a), b) = f(x, a+ b).

This completes the proof.

Example 1.2.2. Theorem 1.2.2 allows one to obtain a one-parameter group
of transformations (1.2.1) by solving the Lie equations (1.2.13) with the ini-
tial conditions (1.2.14) for any given operator (1.2.12) or the corresponding
infinitesimal transformation (1.2.10).

Consider, e.g. the infinitesimal transformation

x ≈ x+ ax2, y ≈ y + axy

in the (x, y) plane. The corresponding differential operator (1.2.12) is

X = x2
∂

∂x
+ xy

∂

∂y

and the Lie equations (1.2.13) have the form

dx̄

da
= x̄2,

dȳ

da
= x̄ȳ .
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Integrating these equations, one obtains

x̄ =
1

C1 − a
, ȳ =

C2

C1 − a
,

where C1 and C2 are arbitrary constants. The initial conditions (1.2.14)
provide

x =
1

C1

, y =
C2

C1

,

whence

C1 =
1

x
, C2 =

y

x
·

Thus the one-parameter group of transformations has the form

x̄ =
x

1− ax
, ȳ =

y

1− ax
· (1.2.16)

1.2.4 Exponential map

The solution of the Lie equations (1.2.13) –(1.2.14) can be represented ex-
plicitly by the exponential map,

x̄i = eaX(xi), i = 1, . . . , n, (1.2.17)

where the exponent is given by the infinite sum:

eaX = 1 + aX +
a2

2!
X2 +

a3

3!
X3 + · · · . (1.2.18)

Example 1.2.3. The exponential map (1.2.17) is written in the (x, y) plane
in the form:

x̄ = eaX(x), ȳ = eaX(y), (1.2.19)

where eaX is given by the series (1.2.18). Let us apply the exponential map
to the generator

X = x2
∂

∂x
+ xy

∂

∂y

considered in Example 1.2.2. We have:

X(x) = x2, X2(x) = X(X(x)) = X(x2) = 2!x3, X3(x) = 3!x4, . . . .

These equations hint the general formula

Xn(x) = n!xn+1, n = 1, 2, . . . .
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The proof is given by induction:

Xn+1(x) = X(n!xn+1) = (n+ 1)!x2xn = (n+ 1)!xn+2.

It follows:

eaX(x) = x+ ax2 + · · ·+ anxn+1 + · · · .

One can rewrite the right-hand side of this equation in the form

x(1 + ax+ · · ·+ anxn + · · · ) = x

1− ax

where the well known Taylor expansion of the function (1 − ax)−1 is used
provided that |ax| < 1. Hence,

eaX(x) =
x

1− ax
·

Similarly,

X(y) = xy, X2(y) = X(xy) = yX(x) + xX(y) = y(x2) + y(xy) = 2!yx2,

X3(y) = 2![yX(x2) + x2X(y)] = 2![y(2x3) + x2(xy)] = 3!yx3.

This hints the general formula

Xn(y) = n!yxn, n = 1, 2, . . .

that can be readily verified by induction:

Xn+1(y) = n!X(yxn) = n![nyxn+1 + xn(xy)] = (n+ 1)!yxn+1.

It follows:

eaX(y) = y + ayx+ a2yx2 + · · ·+ anyxn + · · ·

= y(1 + ax+ · · ·+ anxn + · · · ) = y

1− ax
·

Thus, we arrive at the transformation (1.2.16):

x̄ =
x

1− ax
, ȳ =

y

1− ax
·
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1.3 Approximate Cauchy problem

1.3.1 Notation

Consider functions f(x, ε) depending on variables x = (x1, . . . , xn) and a
parameter ε. These functions are defined in a neighborhood of ε = 0 and
are assumed to be continuous in x, ε together with derivatives of an order
required in the subsequent discussion.

Definition 1.3.1. Let p ≥ 1 be an integer. A function f(x, ε) is said to be
of order less than εp and is written

f(x, ε) = o(εp) (1.3.1)

if it satisfies the condition

lim
ε→0

f(x, ε)

εp
= 0. (1.3.2)

Remark 1.3.1. Eq. (1.3.2) is equivalent to existence of a constant C > 0
such that

|f(x, ε)| ≤ C|ε|p+1. (1.3.3)

It is also equivalent to existence of a function χ(x, ε) that is analytic near
ε = 0 and such that

f(x, ε) = εp+1χ(x, ε). (1.3.4)

Definition 1.3.2. If

f(x, ε)− g(x, ε) = o(εp), (1.3.5)

the functions f and g are said to be approximately equal (with an error
o(εp)) and written

f(x, ε) = g(x, ε) + o(εp), (1.3.6)

or briefly
f ≈ g (1.3.7)

when there is no ambiguity.

The approximate equality defines an equivalence relation, and we join
functions into equivalence classes by letting f(x, ε) and g(x, ε) to be mem-
bers of the same class if and only if f ≈ g.

Given a function f(x, ε), let

f0(x) + εf1(x) + · · ·+ εpfp(x) (1.3.8)
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be the approximating polynomial of degree p in ε obtained via the Taylor
series expansion of f(x, ε) in powers of ε about ε = 0. Then any function
g ≈ f (in particular, the function f itself) has the form

g(x, ε) = f0(x) + εf1(x) + · · ·+ εpfp(x) + o(εp). (1.3.9)

Consequently the function (1.3.8) is called a canonical representative of the
equivalence class of functions containing f .

Thus, the equivalence class of functions g(x, ε) ≈ f(x, ε) is determined
by the ordered set of p+ 1 functions

f0(x), f1(x), . . . , fp(x).

1.3.2 Continuous dependence on parameters

Theorem 1.3.1. Let functions f(x, ε), g(x, ε) be analytic near the point
(x0, ε) and satisfy the condition

g(x, ε) = f(x, ε) + o(εp). (1.3.10)

Let x = x(t, ε) and x̃ = x̃(t, ε) solve the problems

dx

dt
= f(x, ε), x|t=0 = α(ε)

and
dx̃

dt
= g(x̃, ε), x̃|t=0 = β(ε),

respectively, where

α(0) = β(0) = x0, β(ε) = α(ε) + o(εp).

Then,
x̃(t, ε) = x(t, ε) + o(εp). (1.3.11)

In other words, the solutions of two Cauchy problems with approximately
equal right-hand sides and initial conditions, are equal in the same order of
approximation.

Proof. The function u(t, ε) = x(t, ε)− x̃(t, ε) satisfies the conditions

u(0, ε) = o(εp), (1.3.12)

∣∣∣∣
du

dt

∣∣∣∣ ≤ |f(x, ε)− g(x̃, ε)| ≤ |f(x, ε)− g(x, ε)|+ |g(x, ε)− g(x̃, ε)|. (1.3.13)
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Using Eq. (1.3.10) written in the form of the inequality (1.3.3)

|g(x, ε)− f(x, ε)| ≤ Cεp+1, C = const,

and the Lipschitz condition

|g(x, ε)− g(x̃, ε)| ≤ K|x− x̃|, K = const.,

one obtains from (1.3.13) the following inequality:
∣∣∣∣
du

dt

∣∣∣∣ ≤ K|u|+ Cεp+1. (1.3.14)

For every fixed ε there exists such tε, that the function u(t, ε) has a constant
sign on the interval form 0 to tε. Then (1.3.14) yields that on this interval
one has

d

dt
|u| ≤ K|u|+ Cεp+1.

Dividing this inequality by

|u|+ C

K
εp+1

and integrating from 0 to t with |t| ≤ |tε|, one obtains

|u(t, ε)| ≤ C

K

(
eKtε − 1

)
εp+1 + u(0, ε)eKtε .

Whence, using Eq. (1.3.12), one obtains the required equation (1.3.11).

1.3.3 Definition of an approximate Cauchy problem

Definition 1.3.3. An approximate Cauchy problem

dz

dt
≈ f(z, ε), (1.3.15)

z|t=0 ≈ α(ε), (1.3.16)

is determined as follows. The approximate differential equation (1.3.15) is
interpreted as a family of differential equations

dz

dt
= g(z, ε) with g(z, ε) ≈ f(z, ε). (1.3.17)

The approximate initial condition (1.3.16) is interpreted likewise:

z|t=0 = β(ε) with β(ε) ≈ α(ε). (1.3.18)

The approximate equations in (1.3.17), (1.3.18) have the accuracy p as in
Eqs. (1.3.15), (1.3.16).
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Definition 1.3.4. The solution of the approximate initial value problem
(1.3.15), (1.3.16) is the equivalence class (see Section 1.3.1) of the solutions
of the exact Cauchy problems (1.3.17), (1.3.18). In other words, the solution
of the approximate Cauchy problem (1.3.15), (1.3.16) is the solution of any
problem (1.3.17), (1.3.18) considered with the accuracy up to o(εp).

Theorem 1.3.2. The solution to the approximate Cauchy problem (1.3.15),
(1.3.16) is unique.

Proof. The uniqueness of the solution follows from Theorem 1.3.1. Indeed,
according to this theorem, the solutions of all problems of the form (1.3.17),
(1.3.18) coincide with the mentioned accuracy.

1.4 Exercises to Chapter 1

Exercise 1.4.1. Find the canonical parameter (1.2.8) for the one-parameter
transformation group x̄ = ax, ȳ = a2y on the (x, y) plane.

Exercise 1.4.2. Find the transformation group with the generator

X = y
∂

∂x
− x

∂

∂y
·

using the exponential map (1.2.17).

Exercise 1.4.3. Using the exponential map, find the transformation group
with the generator

X = y
∂

∂x
+ x

∂

∂y
·



Chapter 2

Approximate transformations

In the rest of the book we will consider the approximation in the first order
of precision in ε. In other words, Eq. (1.3.5) for approximate equality will
be considered for p = 1.

2.1 Approximate transformations defined

Definition 2.1.1. An approximate transformation

x̄ ≈ f(x, a, ε) (2.1.1)

in IRn is written in the first-order of precision in the form

x̄i ≈ f i
0(x, a) + εf i

1(x, a), i = 1, . . . , n, (2.1.2)

and is defined as the set of all invertible transformations

x̄ i = gi(x, a, ε) (2.1.3)

such that
gi(x, a, ε) ≈ f i

0(x, a) + εf i
1(x, a).

We will deal in what follows with approximate transformations (2.1.1)
obeying the initial condition x̄|a=0 ≈ x, or in the coordinate form

x̄i
∣∣
a=0

≈ xi, i = 1, . . . , n. (2.1.4)

Accordingly, we will assume that the functions gi(x, a, ε) in the represen-
tations (2.1.3) of the approximate transformation (2.1.2) are defined in a
neighborhood of a = 0 and satisfy the conditions

gi(x, a, ε) ≈ xi, i = 1, . . . , n,

if and only if a = 0.

13
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2.2 Approximate one-parameter groups

2.2.1 Introductory remark

Consider transformations
x̄ = f(x, a, ε)

depending on a small parameter ε and defining a one-parameter group with
respect to a, so that the vector-function f = (f 1, . . . , fn) satisfies the fol-
lowing equations:

f(f(x, a, ε), b, ε) = f(x, a+ b, ε),

f(x, 0, ε) = x.
(2.2.1)

Let a vector-function g = (g1, . . . , gn) be approximately equal to f, i.e.

g(x, a, ε) = f(x, a, ε) + o(ε). (2.2.2)

Consider now, together with x̄, the “neighboring points” x̃ determined by

x̃ = g(x, ε, a). (2.2.3)

Substituting (2.2.2) into (2.2.1), we obtain the following approximate equa-
tions in the first-order of precision in ε :

g(g(x, a, ε), b, ε) ≈ g(x, a+ b, ε),

g(x, 0, ε) ≈ x.
(2.2.4)

2.2.2 Definition of one-parameter approximate

transformation groups

Definition 2.2.1. An approximate transformation (2.1.1),

x̄ ≈ f(x, a, ε) (2.1.1)

satisfying the initial condition (2.1.4),

x̄
∣∣
a=0

≈ x, (2.2.5)

is called a one-parameter approximate transformation group in IRn if the
group property is satisfied with the accuracy o(ε) :

f(f(x, a, ε), b, ε) ≈ f(x, a+ b, ε). (2.2.6)
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Remark 2.2.1. For approximate transformations written in the form (2.1.2),

x̄i ≈ f i
0(x, a) + εf i

1(x, a), i = 1, . . . , n, (2.1.2)

the definition means that the vector-functions g = (g1, . . . , gn) in all exact
representations (2.1.3) of (2.1.2):

x̄i = gi(x, a, ε), i = 1, . . . , n, (2.2.7)

satisfy approximate equation (2.2.6):

g(g(x, a, ε), b, ε) ≈ g(x, a+ b, ε). (2.2.8)

Remark 2.2.2. In the equations (2.2.6) and (2.2.8), unlike the exact group
property (1.2.7) in the classical Lie group theory, f and g, respectively, do
not necessarily denote the same functions at each occurrence. They can be
replaced by any equivalent functions (see the next example).

Example 2.2.1. Let us take n = 1 and consider the functions

f(x, a, ε) = x+ a
(
1 + εx+

1

2
εa
)

and

g(x, a, ε) = x+ a(1 + εx)
(
1 +

1

2
εa
)
.

They are equal in the first order of precision, namely Eq. (1.3.4) is satisfied:

g(x, a, ε) = f(x, a, ε) + ε2χ(x, a), χ(x, a) =
1

2
a2x.

They also obey the approximate group property (2.2.6). Indeed,

f(g(x, a, ε), b, ε) = f(x, a+ b, ε) + ε2 χ̃(x, a, b, ε), (2.2.9)

where

χ̃(x, a, b, ε) =
1

2
a(ax+ ab+ 2bx+ εabx).

2.2.3 Generator of approximate transformation group

Definition 2.2.2. The generator of an approximate transformation group
(2.1.2) is the set of all first-order linear differential operators

X = ξi(x, ε)
∂

∂xi
(2.2.10)
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with the coefficients

ξi(x, ε) ≈ ξi0(x) + εξi1(x), i = 1, . . . , n,

where

ξi0(x) =
∂f i

0(x, a)

∂a

∣∣∣∣
a=0

, ξi1(x) =
∂f i

1(x, a)

∂a

∣∣∣∣
a=0

. (2.2.11)

According to this definition, the generator of an approximate transfor-
mation group (2.1.1) is an approximate differential operator

X ≈ ξi(x, ε)
∂

∂xi
, (2.2.12)

where ξi(x, ε) are the components of the vector

ξ(x, ε) ≈ ∂f(x, a, ε)

∂a

∣∣∣∣
a=0

. (2.2.13)

In practice, it is convenient to identify X with its canonical representative:

X =
(
ξi0(x) + εξi1(x)

) ∂

∂xi
· (2.2.14)

2.3 Infinitesimal description

2.3.1 Approximate Lie equations

Lemma 2.3.1. Let an approximate transformation (2.1.1) in IRn,

x̄ ≈ f(x, a, ε),

satisfy the approximate group property (2.2.6) as well as the initial condition

x̄|a=0 ≈ x

and have the approximate generator (2.2.12) with ξ defined by Eq. (2.2.13):

ξ(x, ε) ≈ ∂f(x, a, ε)

∂a

∣∣∣∣
a=0

.

Then the vector-function f(x, a, ε) solves the approximate equation

∂f(x, a, ε)

∂a
≈ ξ
(
f(x, a, ε), ε

)
. (2.3.1)
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Conversely, given any smooth vector-function ξ(x, ε), an approximate
transformation (2.1.1) obtained by solving the approximate Cauchy problem

dx̄

da
≈ ξ(x̄, ε), x̄

∣∣
a=0

≈ x (2.3.2)

satisfies the approximate group property (2.2.6).

Proof. Let us assume that f(x, a, ε) satisfies the approximate equation(2.2.6)
written in the form (1.3.4):

f(x, a+ b, ε) = f(f(x, a, ε), b, ε) + ε2 χ(x, a, b, ε). (2.3.3)

Let us set b = ∆a and expand both sides of Eq. (2.3.3) in powers of ∆a
keeping only the principal parts. We have:

f(x, a+ b, ε) ≈ f(x, a, ε) +
∂f(x, a, ε)

∂a
∆a

and

f(f(x, a, ε), b, ε) ≈ f(x, a, ε) +
∂f i
(
f(x, a, ε), b, ε

)

∂b

∣∣∣∣
b=0

∆a .

The substitution in Eq. (2.3.3) yields:

∂f(x, a, ε)

∂a
=
∂f
(
f(x, a, ε), b, ε

)

∂b

∣∣∣∣
b=0

+ ε2 χ(x, a, b, ε). (2.3.4)

Invoking Eq. (2.2.13), we replace the first term in the right-hand side of
Eq. (2.3.4) by ξ(f(x, a, ε), ε) and arrive at Eq. (2.3.1).

Let us prove now that the solution x̄ ≈ f(x, a, ε) of the Cauchy problem
(2.3.2) satisfies the group property (2.2.6). Consider, for any fixed x and a,
the functions u(b, ε) and v(b, ε) defined as follows:

u(b, ε) = f(x̄, b, ε) ≡ f(f(x, a, ε), b, ε), v(b, ε) = f(x, a+ b, ε).

To prove the group property (2.2.6), it suffices to show that u(b, ε) ≈ v(b, ε)
in a neighborhood of b = 0. Since f(x, a, ε) solves Eqs. (2.3.2), one has:

du

db
≡ df(x̄, b, ε)

db
≈ ξ(u, ε), u

∣∣
b=0
≈ f(x, a, ε);

and
dv

db
≡ df(x, a+ b, ε)

db
≈ ξ(v, ε), v

∣∣
b=0
≈ f(x, a, ε).



18 2. APPROXIMATE TRANSFORMATIONS

Hence, both z = u(b, ε) and z = v(b, ε) solve one and the same Cauchy
problem:

dz

db
≈ ξ(z, ε), z

∣∣
b=0
≈ f(x, a, ε).

Theorem 1.3.2 on uniqueness of the solution of the approximate Cauchy
problem guarantees that in a neighborhood of b = 0 we have u(, ε) ≈ v(b, ε),
i.e. Eq. (2.2.6):

f(f(x, a, ε), b, ε) ≈ f(x, a+ b, ε).

This completes the proof.
In computations, it is convenient to to use Eqs. (2.3.2) in a modified

form given below. Let us write the approximate transformation (2.1.2),

x̄i ≈ f i
0(x, a) + εf i

1(x, a), i = 1, . . . , n,

in the following form:
x̄ ≈ x̄0 + εx̄1, (2.3.5)

where
x̄0 = f0(x, a), x̄1 = f1(x, a).

Accordingly, the the vector (2.2.13) is written

ξ(x, ε) ≈ ξ0(x) + εξ1(x), (2.3.6)

where ξ0(x) and ξ1(x) are defined by Eqs. (2.2.11).
We will also write the canonical representation (2.2.14) of the approxi-

mate generator in the form

X = X0 + εX1 (2.3.7)

with

X0 = ξi0(x)
∂

∂xi
, X1 = ξi1(x)

∂

∂xi

Theorem 2.3.1. The approximate transformation (2.3.5), x̄ ≈ x̄0 + εx̄1,
satisfies the approximate group property (2.2.6) and has the operator (2.3.7)
as its approximate generator if and only if the following ordinary differential
equations with initial conditions are satisfied:

dx̄i0
da

= ξi0(x̄0), x̄i0
∣∣
a=0

= xi, i = 1, . . . , n, (2.3.8)

dx̄i1
da

=
n∑

k=1

(
∂ξi0(x)

∂xk

∣∣∣∣∣
x=x̄0

x̄k1

)
+ ξi1(x̄0), x̄i1

∣∣
a=0

= 0. (2.3.9)

The equations (2.3.8)–(2.3.9) are called the approximate Lie equations.



2.3. INFINITESIMAL DESCRIPTION 19

Proof. Substituting the representations (2.3.5) and (2.3.6) for x̄ and ξ(x, ε),
respectively, in Eqs. (2.3.2), we have:

dx̄0
da

+ ε
dx̄1
da

≈ ξ0(x̄0 + εx̄1) + εξ0(x̄0 + εx̄1),

(x̄0 + εx̄1)
∣∣
a=0

≈ x.

(2.3.10)

Eqs. (2.3.8), (2.3.9) are obtained from Eqs. (2.3.10) by singling out the
terms not containing ε and the terms that are linear in ε.

Example 2.3.1. Let n = 1 and let

X = (1 + εx)
∂

∂x
·

Here ξ0(x) = 1, ξ1(x) = x, and Eqs. (2.3.8)–(2.3.9) are written:

dx̄0
da

= 1, x̄0
∣∣
a=0

= x, (2.3.11)

dx̄1
da

= x̄0, x̄1
∣∣
a=0

= 0. (2.3.12)

The solution of Eq. (2.3.11) is x̄0 = x+ a. Substituting it in the differential
equation in (2.3.11) we have:

dx̄1
da

= x+ a.

Integrating and using the initial condition we obtain the following solution
of the system (2.3.11)-(2.3.12).

x̄0 = x+ a, x̄1 = ax+
a2

2
·

Hence, the approximate transformation group is given by

x̄ ≈ x+ a+ ε
(
ax+

a2

2

)
.

Example 2.3.2. Let n = 2 and let

X = (1 + εx2)
∂

∂x
+ εxy

∂

∂y
· (2.3.13)

Here ξ0(x, y) = (1, 0), ξ1(x, y) = (x2, xy), and Eqs. (2.3.8)–(2.3.9) are
written:

dx̄0
da

= 1,
dȳ0
da

= 0, x̄0
∣∣
a=0

= x, ȳ0
∣∣
a=0

= y,
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dx̄1
da

= (x̄0)
2,

dȳ1
da

= x̄0ȳ0, x̄1
∣∣
a=0

= 0, ȳ1
∣∣
a=0

= 0.

The integration gives the following approximate transformation group:

x̄ ≈ x+ a+ ε
(
ax2 + a2x+

a3

3

)
, ȳ ≈ y + ε

(
axy +

a2

2
y
)
.

2.3.2 Approximate exponential map

Theorem 2.3.2. Given an operator

X = X0 + εX1 (2.3.14)

with a small parameter ε, where

X0 = ξi0(x)
∂

∂xi
, X1 = ξi1(x)

∂

∂xi
, (2.3.15)

the corresponding approximate group transformation

x̄i = x̄i0 + εx̄i1, i = 1, . . . , n, (2.3.16)

is determined by the following equations:

x̄i0 = eaX0(xi), x̄i1 = 〈〈aX0, aX1〉〉(x̄i0), i = 1, . . . , n, (2.3.17)

where

eaX0 = 1 + aX0 +
a2

2!
X2

0 +
a3

3!
X3

0 + · · · (2.3.18)

and

〈〈aX0, aX1〉〉 = aX1 +
a2

2!
[X0, X1] +

a3

3!
[X0, [X0, X1]] + · · · . (2.3.19)

In other words, the approximate operator X = X0 + εX1 generates the
one-parameter approximate transformation group given by the following
approximate exponential map:

x̄i =
(
1 + ε〈〈aX0, aX1〉〉

)
eaX0(xi), i = 1, . . . , n. (2.3.20)

Proof (see [8]). The substitution of the operator (2.3.14),

X0 + εX1

in the definition (1.2.18) of the exponent yields:

ea(X0+εX1) = 1 + a
(
X0 + εX1

)
+
a2

2!

(
X0 + εX1

)2
+
a3

3!

(
X0 + εX1

)3
+ · · · .
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Now we single out the sum of terms up to the first degree in ε and obtain:

ea(X0+εX1) ≈ 1 + aX0 +
a2

2!
X2

0 +
a3

3!
X3

0 + · · ·

+ ε
{
aX1 +

a2

2!

(
X0X1 +X1X0

)
+
a3

3!

(
X2

0X1 +X0X1X0 +X1X
2
0

)

+
a4

4!

(
X3

0X1 +X2
0X1X0 +X0X1X

2
0 +X1X

3
0

)
+ · · ·

}
. (2.3.21)

By using the identities

X0X1 = X1X0 + [X0, X1],

X2
0X1 +X0X1X0 = 2X1X

2
0 + 3[X0, X1]X0 + [X0, [X0, X1]], . . .

we rewrite (2.3.21) in the form:

ea(X0+εX1) ≈ 1 + aX0 +
a2

2!
X2

0 +
a3

3!
X3

0 + · · ·

+ ε
{
aX1

(
1 + aX0 +

a2

2!
X2

0 +
a3

3!
X3

0 + · · ·
)

+
a2

2!
[X0, X1]

(
1 + aX0 +

a2

2!
X2

0 +
a3

3!
X3

0 + · · ·
)

a3

3!
[X0, [X0, X1]]

(
1 + aX0 +

a2

2!
X2

0 +
a3

3!
X3

0 + · · ·
)
+ · · ·

}
.

Whence, using the exponent (1.2.18) we have:

ea(X0+εX1) ≈
(
1 + ε〈〈aX0, aX1〉〉

)
eaX0 . (2.3.22)

In other words, the exponential map

x̄i = eaX(xi)

written for the operator (2.3.14) and evaluated in the first order of precision
with respect to ε has the form (2.3.20). Taking into account (2.3.16), one
arrives at Eqs. (2.3.17). This completes the proof of the theorem.

Example 2.3.3. Let us apply Theorem 2.3.2 to the operator

X = (1 + εx)
∂

∂x
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considered in Example 2.3.1. Here

X0 =
∂

∂x
, X1 = x

∂

∂x
.

Therefore
X0(x) = 1, X2

0 (x) = X3
0 (x) = · · · = 0,

and

[X0, X1] =
∂

∂x
= X0,

[X0, [X0, X1]] = [X0, X0] = 0, . . . .

Consequently,
x̄0 = eaX0(x) = x+ a,

and

〈〈aX0, aX1〉〉 =
(
ax+

a2

2!

) ∂

∂x
,

whence

x̄1 = 〈〈aX0, aX1〉〉(x̄0) =
(
ax+

a2

2!

) ∂

∂x
(x+ a) = ax+

a2

2!
.

Hence,

x̄ ≈ x+ a+ ε
(
ax+

a2

2

)
.

Example 2.3.4. Let us apply Theorem 2.3.2 to the operator (2.3.13) from
Example 2.3.2. In this case we have

X0 =
∂

∂x
, X1 = x2

∂

∂x
+ xy

∂

∂y
.

Therefore,
x̄0 = eaX0(x) = x+ a,

and

[X0, X1] = 2x
∂

∂x
+ y

∂

∂y
,

[X0, [X0, X1]] = 2
∂

∂x
,

[X0, [X0, [X0, X1]]] = 0, . . . .
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Consequently,

〈〈aX0, aX1〉〉 = aX1 +
a2

2!

(
2x

∂

∂x
+ y

∂

∂y

)
+ 2

a3

3!

∂

∂x

=
(
ax2 + a2x+

a3

3

) ∂

∂x
+
(
axy +

a2

2
y
) ∂
∂y

.

Whence

x̄1 = 〈〈aX0, aX1〉〉(x̄0) =
(
ax2 + a2x+

a3

3

) ∂

∂x
(x+ a),

ȳ1 = 〈〈aX0, aX1〉〉(ȳ0) =
(
axy +

a2

2
y
) ∂
∂y

(y).

Hence,

x̄1 = ax2 + a2x+
a3

3
, ȳ1 = axy +

a2

2
y.

We thus arrive at the result of Example 2.3.2:

x ≈ x+ a+ ε
(
ax2 + a2x+

a3

3

)
,

y ≈ y + ε
(
axy +

a2

2
y
)
.

Example 2.3.5. Let us apply the approximate exponential map to the
following operator:

X =
(
1+ε[(x1)2−(x2)2−(x3)2−(x4)2]

) ∂

∂x1
+2εx1

(
x2

∂

∂x2
+x3

∂

∂x3
+x4

∂

∂x4

)
.

Here X = X0 + εX1 with

X0 =
∂

∂x1
,

X1 =
(
(x1)2 − (x2)2 − (x3)2 − (x4)2

) ∂

∂x1

+ 2x1
(
x2

∂

∂x2
+ x3

∂

∂x3
+ x4

∂

∂x4

)
.

The operator X0 generates the translation group:

x̄10 = x1 + a, x̄j0 = xj, j = 2, 3, 4.
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We have:

[X0, X1] = 2x1
(
x1

∂

∂x1
+ x2

∂

∂x2
+ x3

∂

∂x3
+ x4

∂

∂x4

)
,

[X0, [X0, X1]] = 2
∂

∂x1
, [X0, [X0, [X0, X1]]] = 0, . . . .

Consequently, Eq. (2.3.19) takes the form:

〈〈aX0, aX1〉〉 =
(
[(x1)2 − (x2)2 − (x3)2 − (x4)2]a+ x1a2 +

1

3
a3
) ∂

∂x1

+(2ax1 + a2)
(
x2

∂

∂x2
+ x3

∂

∂x3
+ x4

∂

∂x4

)
.

Therefore (2.3.17) yields

x̄11 = 〈〈aX0, aX1〉〉(x̄10) = [(x1)2 − (x2)2 − (x3)2 − (x4)2]a+ x1a2 +
1

3
a3,

x̄j1 = (2ax1 + a2)xj, j = 2, 3, 4.

We have arrived at the following approximate transformation group:

x̄1 ≈ x̄10 + εx11 = x1 + a+ ε
(
[(x1)2 − (x2)2 − (x3)2 − (x4)2]a+ x1a2 +

1

3
a3
)
,

x̄j ≈ xj0 + εxj1 = xj + ε(2ax1 + a2)xj, j = 2, 3, 4.

2.4 Exercises to Chapter 2

Exercise 2.4.1. Derive Eq. (2.2.9) in Example 2.2.1.

Exercise 2.4.2. Provide details of the proof of Theorem 2.3.1.

Exercise 2.4.3. Rewrite the approximate Lie equations (2.3.8)-(2.3.9) in
the case of one variable x.

Exercise 2.4.4. Rewrite the approximate Lie equations (2.3.8)-(2.3.9) for
approximate transformation groups on the (x, y) plane.

Exercise 2.4.5. Solve the approximate Lie equations and find the approx-
imate transformation group for the generator

X =
(
t+

ε

6
t2
) ∂

∂t
−
(
u+

ε

3
tu
) ∂

∂u
· (2.4.1)

Exercise 2.4.6. Solve the approximate Lie equations (2.3.8)-(2.3.9) for the
operator

X =
(
1+ε[(x1)2−(x2)2−(x3)2−(x4)2]

) ∂

∂x1
+2εx1

(
x2

∂

∂x2
+x3

∂

∂x3
+x4

∂

∂x4

)

from Example 2.3.5.
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Approximate symmetries

3.1 Definition of approximate symmetries

Definition 3.1.1. Let G be a one-parameter approximate transformation
group considered in the first order of precision:

z̄i ≈ f(z, a, ε) ≡ f i
0(z, a) + εf i

1(z, a), i = 1, . . . , N. (3.1.1)

Let

F (z, ε) ≈ F0(z) + εF1(z)

and

F (z̄, ε) ≈ F (f(z, a, ε), ε).

An approximate equation

F (z, ε) ≈ 0 (3.1.2)

is said to be approximately invariant with respect to G (or admits G) if

F (z̄, ε) ≈ 0

whenever z = (z1, . . . , zN ) satisfies Eq. (3.1.2).

If z = (x, u, u(1), . . . , u(k)), then (3.1.2) becomes an approximate differ-
ential equation of order k, and G is an approximate symmetry group of the
differential equation. Recall that in our approximation F (z, ε) ≈ 0 means
F (z, ε) = o(ε).

A different approach to approximate symmetries, based on decomposing
differential equations with a small parameter, has been proposed in [5]. For
a comparison of two approaches I refer the reader to [6].
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3.2 Calculation of approximate symmetries

3.2.1 Determining equations

Theorem 3.2.1. Equation (3.1.2) is approximately invariant under the ap-
proximate transformation group (3.1.1) with the generator

X = X0 + εX1 ≡ ξi0(z)
∂

∂zi
+ εξi1(z)

∂

∂zi
, (3.2.1)

if and only if [
XF (z, ε)

]
F≈0

= o(ε),

or [
X0F0(z) + ε

(
X1F0(z) +X0F1(z)

)]
(3.1.2)

= o(ε). (3.2.2)

Proof. Eq. (3.2.2) is obtained by substituting (3.1.2) and (3.2.1) in the
determining equation [

XF (z, ε)
]
F=0

= 0

and considering the result in the first-order of precision with respect to ε.
The operator (3.2.1) satisfying Eq. (3.2.2) is called an infinitesimal ap-

proximate symmetry of, or an approximate operator admitted by Eq. (3.1.2).
Accordingly, Eq. (3.2.2) is termed the determining equation for approximate
symmetries.

Remark 3.2.1. The determining equation (3.2.2) can be written as follows:

X0F0(z) = λ(z)F0(z), (3.2.3)

X1F0(z) +X0F1(z) = λ(z)F1(z). (3.2.4)

The factor λ(z) is determined by Eq. (3.2.3) and then substituted in Eq.
(3.2.4). The latter equation must hold for all solutions of F0(z) = 0.

3.2.2 Stable symmetries

Comparing Eq. (3.2.3) with the determining equation of exact symmetries,
we obtain the following statement.

Theorem 3.2.2. If Eq. (3.1.2) admits an approximate transformation
group with the generator X = X0 + εX1, where X0 6= 0, then the operator

X0 = ξi0(z)
∂

∂zi
(3.2.5)

is an exact symmetry of the equation

F0(z) = 0. (3.2.6)
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Remark 3.2.2. It is manifest from Eqs. (3.2.3), (3.2.4) that if X 0 is an
exact symmetry of Eq. (3.2.6) then X = εX0 is an approximate symme-
try of Eq. (3.1.2). Even though such approximate are “trivial”, they are
significant for the approximate Lie algebra structure (see Section 3.3.2).

Definition 3.2.1. Equations (3.2.6) and (3.1.2) are termed an unperturbed
equation and a perturbed equation, respectively. Under the conditions of
Theorem 3.2.2, the operator X0 is called a stable symmetry of the unper-
turbed equation (3.2.6). The corresponding approximate symmetry genera-
tor X = X0+εX1 for the perturbed equation (3.2.5) is called a deformation
of the infinitesimal symmetry X0 of Eq. (3.2.6) caused by the perturbation
εF1(z). In particular, if the most general symmetry Lie algebra of Eq. (3.2.6)
is stable, we say that the perturbed equation (3.1.2) inherits the symmetries
of the unperturbed equation.

3.2.3 Algorithm for calculation

Remark 3.2.1 and Theorem 3.2.2 provide an infinitesimal method for calcu-
lating approximate symmetries (3.2.1) for differential equations with a small
parameter. Implementation of the method requires the following three steps.

1st step. Calculation of the exact symmetries X0 of the unperturbed
equation (3.2.6), e.g. by solving the determining equation

X0F0(z)
∣∣∣
F0(z)=0

= 0. (3.2.7)

2nd step. Determination of the auxiliary function H by virtue of Eqs.
(3.2.3), (3.2.4) and (3.1.2), i.e. by the equation

H =
1

ε

[
X0
(
F0(z) + εF1(z)

)∣∣∣
F0(z)+εF1(z)=0

]
(3.2.8)

with known X0 and F1(z).

3rd step. Calculation of the operators X1 by solving the determining
equation for deformations:

X1F0(z)
∣∣∣
F0(z)=0

+H = 0. (3.2.9)

Note that equation (3.2.9), unlike the determining equation (3.2.7) for
exact symmetries, is inhomogeneous.
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3.3 Examples

3.3.1 First example

Example 3.3.1. Let us find the approximate symmetries of the following
perturbed nonlinear wave equation:

utt −
(
u2ux

)
x
+ εut = 0. (3.3.1)

We write the approximate operators admitted by Eq. (3.3.1) in the form

X = X0 + εX1 ≡ (τ0 + ετ1)
∂

∂t
+ (ξ0 + εξ1)

∂

∂x
+ (η0 + εη1)

∂

∂u
, (3.3.2)

where τν , ξν , and ην (ν = 0, 1) are unknown functions of t, x and u.
1st step. Solving the determining equation (3.2.7) for the exact sym-

metries X0 of the unperturbed equation

utt −
(
u2ux

)
x
= 0 (3.3.3)

one obtains (it follows from the group classification given in [1])

τ0 = C1 + C3t, ξ0 = C2 + (C3 + C4)x, η0 = C4u, (3.3.4)

where C1, . . . , C4 are arbitrary constants. Hence,

X0 = (C1 + C3t)
∂

∂t
+ (C2 + C3x+ C4x)

∂

∂x
+ C4u

∂

∂u
· (3.3.5)

In other words, Eq. (3.3.3) admits the four-dimensional Lie algebra L4 with
the basis

X0
1 =

∂

∂t
, X0

2 =
∂

∂x
, X0

3 = t
∂

∂t
+ x

∂

∂x
, X0

4 = x
∂

∂x
+ u

∂

∂u
· (3.3.6)

2nd step. Substituting the expression (3.3.5) of the generator X0 in
Eq. (3.2.8) we obtain the auxiliary function

H = C3ut.

3rd step. Now the determining equation (3.2.9) for deformations is
written

X1
(
utt − u2uxx − 2uu2x

) ∣∣∣
(3.3.3)

+ C3ut = 0, (3.3.7)

where X1 denotes the prolongation of the operator

X1 = τ1
∂

∂t
+ ξ1

∂

∂x
+ η1

∂

∂u
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to the derivatives of u involved in Eq. (3.3.1). Upon setting utt = (u2ux)x
the left-hand side of Eq. (3.3.7) becomes a polynomial in the variables
utx, uxx, ut, ux. Equating to zero its coefficients we obtain:

τ1 = τ1(t), ξ1 = ξ1(x), 3τ ′′1 = C3, ξ′′1 = 0, η1 = [ξ′1(x)− τ ′1(t)]u.

Hence,

τ1 = A1 + A3t+
1

6
C3 t

2,

ξ1 = A2 + (A3 + A4)x, (3.3.8)

η1 =
(
A4 −

1

3
C3t
)
u.

Substituting (3.3.4) and (3.3.8) in (3.3.2), we obtain the following approxi-
mate symmetries for Eq. (3.3.1):

X1 =
∂

∂t
, X2 =

∂

∂x
, X3 = t

∂

∂t
+ x

∂

∂x
+
ε

6

(
t2
∂

∂t
− 2tu

∂

∂u

)
, (3.3.9)

X4 = x
∂

∂x
+ u

∂

∂u
, X5 = εX1, X6 = εX2, X7 = εX4, X8 = εX3.

Remark 3.3.1. Eqs. (3.3.8) upon letting A1 = C3 = A2 = A4 = 0 yield

X8 = ε
(
t
∂

∂t
+ x

∂

∂x

)
.

However, in the first-order of precision, the operator X8 can be written in
the form given in (3.3.9).

Remark 3.3.2. Eqs. (3.3.9) show that all symmetries (3.3.6) of Eq. (3.3.3)
are stable. It means that the Lie algebra L4 spanned by the operators (3.3.6)
is stable. Hence, the perturbed equation (3.3.1) inherits the symmetries of
the unperturbed equation (3.3.3).

3.3.2 Approximate commutator and Lie algebras

The following table of commutators, evaluated in the first-order of precision,
shows that the operators (3.3.9) span an eight-dimensional approximate Lie
algebra L8, and hence generate an eight-parameter approximate transfor-
mations group. For the sake of brevity, we will write only the off-diagonal
elements of the table of commutators.
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Table 2.1. Approximate commutators

X1 X2 X3 X4 X5 X6 X7 X8

X1 0 0 X1 +
1
3
(X8 −X7) 0 0 0 0 X5

X2 0 X2 X2 0 0 X6 X6

X3 0 0 −X5 −X6 0 0

X4 0 0 −X6 0 0

X5 0 0 0 0

X6 0 0 0

X7 0 0

X8 0

Table 2.1 shows that although the approximate symmetries X5, X6, X7

and X8 are “trivial” according to Remark 3.2.2, they are necessary for the
Lie algebra structure, and hence for constructing multi-parameter approxi-
mate transformation groups.

3.3.3 Second example

Example 3.3.2. Consider the equation

utt −
(
u−4ux

)
x
+ εut = 0. (3.3.10)

1st step. The unperturbed equation

utt −
(
u−4ux

)
x
= 0 (3.3.11)

admits the five-dimensional Lie algebra L5 consisting of the operators

X0 =
(
C1 +C3t+C5t

2
) ∂
∂t

+
(
C2 +C3x+C4x

) ∂

∂x
+
(
− 1

2
C4 +C5t

)
u
∂

∂u
·

A basis of this algebra is

X0
1 =

∂

∂t
, X0

2 =
∂

∂x
, X0

3 = t
∂

∂t
+ x

∂

∂x
,

X0
4 = x

∂

∂x
− 1

2
u
∂

∂u
, X0

5 = t2
∂

∂t
+ tu

∂

∂u
· (3.3.12)
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2nd step. Eq. (3.2.8) provides the following auxiliary function:

H = C3ut + 2C5tut + C5u.

3rd step. The determining equation (3.2.9) for deformations yields that
C3 = C5 = 0. Proceeding further as in the previous example, we obtain the
following approximate symmetries of the perturbed equation (3.3.10):

X1 =
∂

∂t
, X2 =

∂

∂x
, X3 = ε

(
t
∂

∂t
+ x

∂

∂x

)
, X4 = x

∂

∂x
− 1

2
u
∂

∂u
,

X5 = εX1, X6 = εX2, X7 = εX4, X8 = ε
(
t2
∂

∂t
+ tu

∂

∂u

)
. (3.3.13)

Eqs. (3.3.13) show that not all symmetries (3.3.12) of Eq. (3.3.11) are
stable. Namely, the operators

X0
3 = t

∂

∂t
+ x

∂

∂x
and X0

5 = t2
∂

∂t
+ tu

∂

∂u

from (3.3.12) are unstable. Hence, the perturbed equation (3.3.10) does not
inherit the symmetries of the unperturbed equation (3.3.11).

3.3.4 Third example

Example 3.3.3. Consider the equation

utt −
(
u−4/3ux

)
x
+ εut = 0. (3.3.14)

The unperturbed equation

utt −
(
u−4/3ux

)
x
= 0 (3.3.15)

admits the five-dimensional Lie algebra L5 spanned by the operators

X0
1 =

∂

∂t
, X0

2 =
∂

∂x
, X0

3 = t
∂

∂t
+ x

∂

∂x
,

X0
4 = x

∂

∂x
− 3

2
u
∂

∂u
, X0

5 = x2
∂

∂x
− 3xu

∂

∂u
· (3.3.16)

Proceeding as before, one arrives at the following approximate symme-
tries of the perturbed equation (3.3.14):

X1 =
∂

∂t
, X2 =

∂

∂x
, X3 =

(
t− ε

4
t2
) ∂
∂t

+ x
∂

∂x
− 3

4
εtu

∂

∂u
,

X4 = x
∂

∂x
− 3

2
u
∂

∂u
, X5 = x2

∂

∂x
− 3xu

∂

∂u
, X6 = εX1, (3.3.17)

X7 = εX2, X8 = εX0
3 , X9 = εX4, X10 = εX5.
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They span a ten-dimensional approximate Lie algebra L10. We see that in
this example the algebra L5 is stable, i.e. the perturbed equation (3.3.14)
inherits the symmetries of the unperturbed equation.

Remark 3.3.3. The equations (3.3.1) and (3.3.10) with an arbitrary pa-
rameter ε 6= 0 have only three exact symmetries (see [7], page 227, Section
9.2.1.1.2). Namely, the exact symmetries of Eq. (3.3.1) are the operators

X1 =
∂

∂t
, X2 =

∂

∂x
, X4 = x

∂

∂x
+ u

∂

∂u

from (3.3.9), and the exact symmetries of Eq. (3.3.10) are the operators

X1 =
∂

∂t
, X2 =

∂

∂x
, X4 = x

∂

∂x
− 1

2
u
∂

∂u

from (3.3.13).

More examples can be found in [7], Chapters 2 and 9.

3.4 Exercises to Chapter 3

Exercise 3.4.1. Verify that the operator X3 from (3.3.9),

X3 = t
∂

∂t
+ x

∂

∂x
+
ε

6

(
t2
∂

∂t
− 2tu

∂

∂u

)
,

is an approximate symmetry for the perturbed equation (3.3.1).

Exercise 3.4.2. Make the table of approximate commutators for the
operators (3.3.13).

Exercise 3.4.3. Verify that the operator X3 from (3.3.17),

X3 = t
∂

∂t
+ x

∂

∂x
− ε

4

(
t2
∂

∂t
+ 3tu

∂

∂u

)
,

is an approximate symmetry for the perturbed equation (3.3.14).

Exercise 3.4.4. Make the table of approximate commutators for the
operators (3.3.17).

Exercise 3.4.5. Construct the one-parameter approximate transformation
group with the generator X3 from Exercise 3.4.3.
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Applications

4.1 Integration of equations with a small pa-

rameter using approximate symmetries

Let us discuss, by way of examples, group methods of integration of differen-
tial equations with a small parameter with known approximate symmetries.

4.1.1 Equation having no exact point symmetries

Example 4.1.1. The second-order equation

y′′ − x− εy2 = 0 (4.1.1)

has no exact point symmetries if ε 6= 0 is regarded as a constant coefficient,
and hence cannot be integrated by the Lie method. Moreover, this equation
cannot be integrated by quadrature. However, it possesses approximate
symmetries if ε is treated as a small parameter, e.g.

X1 =
∂

∂y
+
ε

3

[
2x3

∂

∂x
+
(
3yx2 +

11

20
x5
) ∂
∂y

]
,

X2 = x
∂

∂y
+
ε

6

[
x4

∂

∂x
+
(
2yx3 +

7

30
x6
) ∂
∂y

]
.

(4.1.2)

The commutator of the operators (4.1.2) is [X1, X2] ≈ 0. Hence they span
a two-dimensional approximate Abelian Lie algebra and can be used for
consecutive integration of Eq. (4.1.1) as follows ([9], Section 12.4).

Equations X1(t) ≈ 1, X1(u) ≈ 0 yield the canonical variables

t = y − ε
(1
2
x2y2 +

11

60
yx5
)
, u = x− 2

3
εyx3 (4.1.3)

33
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for X1 from (4.1.2). Thus we have X1 ≈ ∂/∂t, while Eq. (4.1.1) reads

u′′ + uu′3 + ε
[
3u2u′ +

1

6
(u2u′)2 − 11

60
(u2u′)3

]
= 0.

Integration by the standard substitution u′ = p(u) yields:

p′ + up2 + ε
(
3u2 +

1

6
u4p− 11

60
u6p2

)
= 0. (4.1.4)

The second operator (4.1.2) is written

X2 = p2
∂

∂p
+ ε

[
1

2
u4

∂

∂u
+
(
2u3p− 13

15
u5p2

)] ∂

∂p

and becomes the infinitesimal translation

X2 ≈
∂

∂v

upon introducing the new independent variable z and dependent variable v
defined by the equations

z = u+ ε
u4

2p
, v = −1

p
+ ε
(u3
p2
− 13u5

15p

)
. (4.1.5)

In the variables (4.1.5), Eq. (4.1.4) is written

v′ + z +
11

60
εz6 = 0

and yields

v = −11

60
z2 − 11

420
εz7 + C.

Substituting this expression for v in Eqs. (4.1.5) and eliminating z, one
obtains the function p(u). The quadrature

∫
du

p(u)
= t+ C

followed by the substitution in Eqs. (4.1.3), completes the approximate
integration of Eq. (4.1.1).
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4.1.2 Utilization of stable symmetries

Let us consider the van der Pol equation

y′′ + y = ε(y′ − y′3), ε = const. (4.1.6)

If ε is treated as an arbitrary constant, Eq. (4.1.6) has only one exact point
symmetry, namely the translation of the independent variable x with the
generator

X =
∂

∂x
·

On the other hand, it can be shown that Eq. (4.1.6) with a small parameter
ε inherits all 8 point symmetries of the unperturbed equation

y′′ + y = 0. (4.1.7)

The stability (see Definition 3.2.1) of all symmetries is a necessary condition
for existence of an approximate transformation connecting perturbed and
unperturbed equations. Let us use this circumstance for the integration of
the van der Pol equation in the first order of precision.

The unperturbed equation (4.1.7) is homogeneous, and hence admits the
dilation generator

X0 = y
∂

∂y
· (4.1.8)

The reckoning shows that although the perturbed equation (4.1.6) is not
homogeneous, it admits, as an approximate symmetry, the following defor-
mation of the operator (4.1.8):

X =
{
y − ε

4

[
y2y′ + 3xy(y2 + y′2)

]} ∂

∂y
· (4.1.9)

We will write Eq. (4.1.7) and its symmetry (4.1.8) in the form

z′′ + z = 0 (4.1.10)

and

X0 = z
∂

∂z
, (4.1.11)

respectively, and look for an approximate transformation

y = z + εf

connecting the van der Pol equation (4.1.6) with Eq. (4.1.10).
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We can simplify the calculations by using the stability of the dilation
generator (4.1.8). Namely, we will begin with constructing the approximate
transformations mapping the operator (4.1.11) into the operator (4.1.9).
Then we will subject the resulting transformations to the condition that
they connect Eqs. (4.1.10) and (4.1.6).

Noting that the approximate symmetry (4.1.9) depends on the first-order
derivative y′, we will search the approximate transformation of (4.1.11) into
(4.1.9) in the form

y = z + εf(x, z, z′). (4.1.12)

The operator (4.1.11) is written in the variable y given by (4.1.12) as follows:

X 0 = X0(y)
∂

∂y
,

where the prolongation of X0 to the derivative y′ is understood. So we have:

X0(y) =

[
z
∂

∂z
+ z′

∂

∂z′

] (
z + εf(x, z, z′)

)
= z + ε

[
z
∂f

∂z
+ z′

∂f

∂z′

]
.

Since X 0 should be identical with the operator (4.1.9), we have:

z + ε

[
z
∂f

∂z
+ z′

∂f

∂z′

]
= y − ε

4

[
y2y′ + 3xy(y2 + y′2)

]
.

Substituting in the right-hand side of this equation the expression (4.1.12)
for y and noting that y = z up to terms of order ε according to Eq. (4.1.12),
we get

z + ε

[
z
∂f

∂z
+ z′

∂f

∂z′

]
= z + ε

{
f − 1

4

[
z2z′ + 3xz(z2 + z′2)

]}
,

whence

z
∂f

∂z
+ z′

∂f

∂z′
= f − 1

4

[
z2z′ + 3xz(z2 + z′2)

]
. (4.1.13)

Let us solve the non-homogeneous linear first-order partial differential equa-
tion (4.1.13). The characteristic system of Eq. (4.1.13) is

dz

z
=

dz′

z′
=

df

f − 1
4

[
z2z′ + 3xz(z2 + z′2)

]

The first equation of this system yields the first integral z ′/z = λ = const.
Writing the second equation of the characteristic system in the form

df

dz
=

1

z

{
f − 1

4

[
z2z′ + 3xz(z2 + z′2)

]}
,
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and substituting z′ = λz, we obtain the following linear first-order ordinary
differential equation for f :

df

dz
=

1

z
f − 1

4

[
λz2 + 3x(1 + λ2)z2

]
.

The integration yields

f = −1

8

[
K(x)z + λz3 + 3xz(1 + λ2)z2

]
,

where the “constant of integration” K(x) is an arbitrary function of x.
Substituting λz = z′, we obtain

f = −1

8

[
K(x)z + z2z′ + 3xz(z2 + z′2)

]

and finally arrive at the following transformation (4.1.12) mapping the op-
erator (4.1.11) into (4.1.9):

y = z − ε

8

[
K(x)z + z2z′ + 3xz(z2 + z′2)

]
. (4.1.14)

Since y = z up to terms of order ε, the inverse to (4.1.11) in the first order
of approximation is given by

z = y +
ε

8

[
K(x)y + y2y′ + 3xy(y2 + y′2)

]
. (4.1.15)

Now we will determine K(x) using the requirement that (4.1.14) maps
Eq. (4.1.10) into Eq. (4.1.6). Let us substitute (4.1.15) in Eq. (4.1.10).
Since y = z up to terms of order ε, the equation z ′′ = −z yields that

y′′ = −y

up to terms of order ε., Therefore, differentiating (4.1.15), we have:

z′ = y′ +
ε

8

[
K(x)y′ +K ′(x)y + 2y3 + 5yy′2 + 3x(y2y′ + y′3)

]

and

z′′ = y′′ +
ε

8

[
2K ′(x)y′ +K ′′(x)y −K(x)y − y2y′ + 8y′3 − 3xy(y2 + y′2)

]
.

Consequently,

z′′ + z = y′′ + y +
ε

8

[
8y′3 + 2K ′(x)y′ +K ′′(x)y

]
.
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Hence, we obtain Eq. (4.1.6) if we let K(x) = −4x. Thus, we have arrived
at the following transformation mapping Eq. (4.1.10) into Eq. (4.1.6):

y = z +
ε

8

[
4xz − z2z′ − 3xz

(
z2 + z′2

) ]
. (4.1.16)

Substituting in (4.1.16) the general solution z = A cos t+ B sin t of Eq.
(4.1.10) one obtains the following general approximate solution of the van
der Pol equation (4.1.6):

y =A cos x+B sinx+
ε

8

[(
4− 3(A2 +B2)

)
x (A cos x+B sinx)

+ (A sin x−B cos x)(A cos x+B sin x)2
]
. (4.1.17)

Letting here A = 1, B = 0 and then A = 0, B = 1, i.e. taking a fundamental
set of solutions z1 = cos x and z2 = sin x of the linear equation z′′ + z = 0,
one obtains the following particular approximate solutions of Eq. (4.1.6):

y1 = cos x+
ε

8

[
x cos x+ sinx cos2 x

]
,

y2 = sinx+
ε

8

[
x sin x− cos x sin2 x

]
.

4.2 Approximately invariant solutions

4.2.1 Nonlinear wave equation

Example 4.2.1. Consider Eq. (3.3.1),

utt −
(
u2ux

)
x
+ εut = 0, (4.2.1)

with known approximate symmetries (3.3.9) and find an approximately
invariant solution based on the approximate symmetry X = X3 −X4 with
X3, X4 from (3.3.9). We have:

X = t
∂

∂t
− u

∂

∂u
+
ε

6

(
t2
∂

∂t
− 2tu

∂

∂u

)
. (4.2.2)

The approximate invariants for the operator (4.2.2) are written in the form

J(t, x, u, ε) = J0(t, x, u) + εJ1(t, x, u) + o(ε).

They are determined by the equation

X(J) = o(ε).
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Using for the operator (4.2.2) the notation

X = X0 + εX1,

where

X0 = t
∂

∂t
− u

∂

∂u
, X1 =

1

6

(
t2
∂

∂t
− 2tu

∂

∂u

)
,

we write the determining equation X(J) = o(ε) for the approximate invari-
ants in the form

X0(J0) + ε
[
X0(J1) +X1(J0)

]
= 0,

whence
X0(J0) = 0, X0(J1) +X1(J0) = 0,

or

t
∂J0

∂t
− u

∂J0

∂u
= 0, (4.2.3)

t
∂J1

∂t
− u

∂J1

∂u
= −1

6

(
t2
∂J0

∂t
− 2tu

∂J0

∂u

)
.

Solving Eqs. (4.2.3), we will find two functionally independent invariants

J1 = J0
1 (t, x, u) + εJ1

1 (t, x, u),

J2 = J0
2 (t, x, u) + εJ1

2 (t, x, u)
(4.2.4)

for the operator (4.2.2).

Remark 4.2.1. Recall that functions (4.2.4) are said to be functionally
dependent if J2 = Ψ(J1), in other words if the equation

J0
2 (t, x, u) + εJ1

2 (t, x, u) = Ψ
(
J0
1 (t, x, u) + εJ1

1 (t, x, u)
)
+ o(ε)

with a certain function Ψ holds identically in t, x, u. If such a function Ψ
does not exist, the functions (4.2.4) are said to be functionally independent.
It is manifest that if J0

1 (t, x, u) and J
0
2 (t, x, u) are functionally independent,

then so are the functions (4.2.4) as well.

Let us proceed to the integration of the system (4.2.3). The first equation
from (4.2.3) has precisely two functionally independent solutions, namely

J0
1 = x, J0

2 = tu.
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Substituting J0
1 = x in the second equation (4.2.3) and taking its simplest

solution J1
1 = 0, we obtain one invariant (4.2.4),

J1 = x. (4.2.5)

Note that it does not involve the dependent variable u. Now we substitute
the solution J0

2 = tu of the first equation (4.2.3) into the second equation
(4.2.3) and obtain the following non-homogeneous linear equation:

t
∂J1

2

∂t
− u

∂J1
2

∂u
=

1

6
t2u.

The first equation of the characteristic system

dt

t
= −du

u
= 6

dJ1
2

t2u

yields the first integral tu = λ = const. Therefore the second equation

dt

t
= 6

dJ1
2

t2u

of the characteristic system, upon replacing tu by λ, is written λ dt = 6dJ 1
2

and yields

J1
2 =

1

6
tλ+ C =

1

6
t2u+ C.

Letting here C = 0, we obtain the second invariant (4.2.4),

J2 = tu+
ε

6
t2u. (4.2.6)

By Remark 4.2.1 the invariants (4.2.5), (4.2.6) are functionally independent.
Letting J2 = ϕ(J1), i.e.

(
1 +

ε

6
t
)
tu = ϕ(x)

and solving for tu in the first order of precision,

tu =

(
1 +

ε t

6

)
−1

ϕ(x) =

(
1− ε t

6

)
ϕ(x) + o(ε),

we obtain the following form for the approximately invariant solutions:

u =

(
1

t
− ε

6

)
ϕ(x). (4.2.7)
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Now we substitute (4.2.7) in Eq. (4.2.1). Differentiation of (4.2.7) yields:

ut = −
1

t2
ϕ, utt =

2

t3
ϕ, ux =

(
1

t
− ε

6

)
ϕ′.

Furthermore,

u2ux =

(
1

t
− ε

6

)3

ϕ2ϕ′ =

(
1

t3
− ε

2t2

)
ϕ2ϕ′ + o(ε),

and hence we have in our approximation:

(u2ux)x =

(
1

t3
− ε

2t2

)
(ϕ2ϕ′)′.

Therefore

utt −
(
u2ux

)
x
+ εut =

1

t3

(
1− ε t

2

)[
2ϕ− (ϕ2ϕ′)′

]
.

Thus, Eq. (4.2.1) yields
(ϕ2ϕ′)′ = 2ϕ. (4.2.8)

Let us integrate Eq. (4.2.8). We have

ϕ2ϕ′′ + 2ϕϕ′2 = 2ϕ,

or
ϕϕ′′ + 2ϕ′2 = 2.

The latter equation is reduced to a first-order equation by the standard
substitution ϕ′ = p(ϕ). Since ϕ′′ = pp′, we have

ϕpp′ + 2p2 = 2,

or

ϕ
dp2

dϕ
+ 4p2 = 4.

Now we denote p2 = v, integrate the resulting linear equation

ϕ
dv

dϕ
+ 4v = 4

and obtain v = 1 + Cϕ−4. The equation p±√v yields

p = ±
√

1 + Cϕ−4 .
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Thus,
dϕ

dx
= ±

√
1 + Cϕ−4

and the integration provides the general solution to Eq. (4.2.8) in the
following implicit form involving one quadrature:

∫
ϕ2dϕ√
ϕ4 + C

= C ± x. (4.2.9)

Substituting ϕ(x) given by (4.2.9) in (4.2.7) we obtain the invariant solution
to Eq. (4.2.1). For example, setting C = 0 we have from (4.2.9) ϕ(x) = ±x,
and the invariant solution (4.2.7) is

u = ±
(x
t
− ε

x

6

)
·

4.2.2 Approximate travelling waves of KdV equation

Example 4.2.2. Let us find the approximate travelling waves for the fol-
lowing perturbed Korteweg-de Vries equation:

ut = uux + uxxx + εu. (4.2.10)

We will begin with the well-known solitary wave solution u = U0,

U0 = 3κ sech2 z, (4.2.11)

of the Korteweg-de Vries equation

ut = uux + uxxx. (4.2.12)

Here

sech z =
1

cosh z
=

2

ez + e−z
,

and

z =

√
κ

2

(
x+ κt

)

is an invariant of the group with the generator

X0 =
∂

∂t
− κ

∂

∂x
, κ = const. (4.2.13)

The function U0 given by Eq. (4.2.11) is invariant under the operator
(4.2.13). Let us check that u = U0 is an invariant solution, i.e. that it solves
Eq. (4.2.12). Using the equations

(sech z)′ = −sech2 z · sinh z, (sech2 z)′ = −2sech3 z · sinh z,
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where

sinh z =
ez − e−z

2
,

we have:

(U0)t = −3κ5/2 sech3 z · sinh z,

(U0)x = −3κ3/2 sech3 z · sinh z,

(U0)xx =
9

2
κ2 sech4 z · sinh2 z − 3

2
κ2 sech2 z, (4.2.14)

(U0)xxx = 3κ5/2
(
3sech2 z − 1

)
sech3 z · sinh z.

In the last equation (4.2.14) the following identity has been used:

sinh3 z =
(
cosh2 z − 1

)
sinh z.

It is manifest from Eqs. (4.2.14) that (4.2.11) solves Eq. (4.2.12):

(U0)t = U0(U0)x + (U0)xxx.

Using the generators of the Galilean and scaling transformations,

X1 = t
∂

∂x
− ∂

∂u
, X2 = 3t

∂

∂t
+ x

∂

∂x
− 2u

∂

∂u

admitted by the Korteweg-de Vries equation (4.2.12), and invoking Remark
3.2.2, we consider the approximate symmetry Xε = X0+ε

(
κX1−X2

)
of the

perturbed equation (4.2.10). Thus we will take the approximate symmetry

Xε =
∂

∂t
− κ

∂

∂x
− ε
[
3t
∂

∂t
+
(
x− κ t

) ∂
∂x

+
(
κ− 2u

) ∂
∂u

]
(4.2.15)

and use it for finding an approximately invariant solution by looking for the
invariant perturbation of the solitary wave (4.2.11):

u = U0 + εv(t, x). (4.2.16)

Let us write the operator (4.2.15) in the form

Xε = X0 + εX1,

where X0 is the operator (4.2.13) and X1 is given by

X1 = −
[
3t
∂

∂t
+
(
x− κ t

) ∂
∂x

+
(
κ− 2u

) ∂
∂u

]
. (4.2.17)
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Then the invariant equation test for Eq. (4.2.16),

Xε(u− U0 − εv)
∣∣∣
(4.2.16)

= o(ε),

is written
[
X0(u− U0) + ε

{
X1(u− U0)−X0(v)

}]
u=U0

= 0. (4.2.18)

Note that X0(u − U0) vanishes identically since the operator X0 does not
contain the differentiation in u and since the function U0 is an invariant
because it depends only on the invariant z. Therefore Eq. (4.2.18) becomes

[
X1(u− U0)−X0(v)

]
u=U0

= 0,

whence, invoking definitions (4.2.13) and (4.2.17) of X0 and X1, respec-
tively, we obtain the following differential equation for v(t, x) :

vt − κvx = 3t(U0)t + (x− κt)(U0)x + 2U0 − κ. (4.2.19)

Since U0 = U0(z), it is easy to integrate Eq. (4.2.19) in the “natural”
variables

z =

√
κ

2

(
x+ κt

)
, y = t.

Then, denoting by U ′0 the derivative of U0 with respect to z, we have:

(U0)t =
1

2
κ3/2 U ′0, (U0)x =

1

2
κ1/2 U ′0,

and Eq. (4.2.19) becomes

vy =
(
z +

1

2
κ3/2y

)
U ′0 + 2U0 − κ.

The integration yields:

v =
(
zy +

1

4
κ3/2y2

)
U ′0 + (2U0 − κ)y + g(z).

Returning to the variables t, x, we have:

v =
(
xt+

3

2
t2
)
(U0)x + (2U0 − κ)t+ h(x+ κt).

Inserting this v in (4.2.16) and substituting in the perturbed KdV equation
(4.2.10) we obtain h = x+ κt.
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Thus, the approximate symmetry (4.2.15) provides the following the
approximately invariant solution (approximate travelling wave):

u = U0 + ε
[
x+ 2tU0 +

(
xt+

3

2
t2
)
(U0)x

]
, (4.2.20)

or invoking Eqs. (4.2.11) and (4.2.14):

u = 3κ sech2 z + ε
[
x+ 6κt sech2 z − 3κ

3

2

(
tx+

3

2
κ t2
)
sech3 z · sinh z

]
.

4.3 Approximate conservation laws

Noether’s theorem can be generalized to equations with a small parame-
ter admitting approximate transformation groups. For the sake of brevity,
we restrict the discussion to first-order Lagrangians L(x, u, u(1), ε) and to
approximate point transformation groups. Then one can prove the following
statement on approximate conservation laws [4] (see also [7], Section 2.6).

Theorem 4.3.1. Let approximate Euler-Lagrange equations

δL

δuα
≡ ∂L

∂uα
−Di

(
∂L

∂uαi

)
= o(ε) (4.3.1)

possess an approximate symmetry

X =
[
ξi0(x, u) + εξi1(x, u)

] ∂
∂xi

+
[
ηα0 (x, u) + εηα1 (x, u)

] ∂

∂uα

such that the following holds:

XL+ LDi(ξ
i) = Di(B

i) + o(ε). (4.3.2)

Then the functions C i(x, u, u(1), ε) defined by

C i = Lξi + (ηα − ξjuαj )
∂L

∂uαi
−Bi + o(ε) (4.3.3)

satisfy the approximate conservation law for Eq. (4.3.1), i.e.

Di(C
i)
∣∣∣
(4.3.1)

= o(ε). (4.3.4)

The following notation is used in Eqs. (4.3.2)-(4.3.3):

ξi = ξi0(x, u) + εξi1(x, u),

ηα = ηα0 (x, u) + εηα1 (x, u).
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Theorem 4.3.1 on approximate conservation laws can be extended to
Euler-Lagrange equations with higher-order Lagrangians.

Example 4.3.1. Eq. (4.1.1),

y′′ − x− εy2 = 0,

has the Lagrangian

L =
1

2

(
y′2 − x2y′

)
+
ε

3
y3.

Consider an approximate symmetry of Eq. (4.1.1), e.g. the operator X1

from (4.1.2). Let us verify that the condition (4.3.2) is satisfied. Taking the
first prolongation of the operator X1 :

X1 =
2

3
εx3

∂

∂x
+
[
1 + ε

(
yx2 +

11

60
x5
)] ∂
∂y

+ ε
[
2xy − x2y′ +

11

12
x4
] ∂
∂y′

we have, ignoring the higher-order terms in ε :

X1L+ LDx(ξ) = ε
(
2xyy′ + y2 − x3y − 1

4
x4y′ − 11

24
x6
)

= εDx

(
xy2 − 1

4
x4y − 11

24 · 7x
7
)
.

Hence, the condition (4.3.2) holds with

B = ε
(
xy2 − 1

4
x4y − 11

24 · 7x
7
)
.

The reckoning shows that

Lξ+(η− ξy′)∂L
∂y′

= y′− x2

2
+ε
(
x2yy′− 1

3
x3y′2+

11

60
x5y′− 1

2
x4y− 11

60 · 2x
7
)
.

Therefore, the formula (4.3.3) and the conservation equation (4.3.4) provide
the following approximate first integral for Eq. (4.1.1):

y′− x2

2
+ε
(
x2yy′− 1

3
x3y′2−xy2− 1

4
x4y+

11

60
x5y′− 11

35 · 12x
7
)
= C. (4.3.5)

Thus, we have reduced the second-order equation y′′ − x − εy2 = 0 to the
first-order equation (4.3.5) with an arbitrary constant C.
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4.4 Exercises to Chapter 4

Exercise 4.4.1. The unperturbed equation (4.1.1),

y′′ − x = 0,

has, as any linear second-order ordinary differential equation, eight symme-
tries. Find them.

Exercise 4.4.2. Verify that the operators (4.1.2) are approximate symme-
tries for Eq. (4.1.1).

Exercise 4.4.3. Find the one-parameter approximate transformation groups
for each operator (4.1.2):

X1 =
∂

∂y
+
ε

3

[
2x3

∂

∂x
+
(
3yx2 +

11

20
x5
) ∂
∂y

]
,

X2 = x
∂

∂y
+
ε

6

[
x4

∂

∂x
+
(
2yx3 +

7

30
x6
) ∂
∂y

]
.
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approximately invariant, 38
of Cauchy problem, 12

Symmetry, 26
approximate, 26
exact, 27
stable, 27

Transformation, 3
approximate, 14
group, 3

Transformation group, 3
approximate, 14

Van der Pol equation, 35
approximate solution, 38
exact symmetry, 35
symmetries, 35
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