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2 Nail H. Ibragimov

PART 1
Nonlinear self-adjointness

1 Preliminaries

The concept of self-adjointness of nonlinear equations was introduced [1, 3] for con-
structing conservation laws associated with symmetries of differential equations. To
extend the possibilities of the new method for constructing conservation laws the no-
tion of quasi self-adjointness was suggested in [2]. | introduce here the general con-
cept ofnonlinear self-adjointnesst embraces the previous notions of self-adjoint and
quasi self-adjoint equations and includes the linear self-adjointness as a particular case.
But the set of nonlinearly self-adjoint equations is essentially wider and includes, in
particular,all linear equations. The construction of conservation laws demonstrates
a practical significance of the nonlinear self-adjointness. Narselyservation laws

can be associated with symmetries for all nonlinearly self-adjoint differential equa-
tions and systemsdn particular, this is possible for all linear equations and systems.

1.1 Notation

We will use the following notation. The independent variables are denoted by
r=(a',... 2"

The dependent variables are
u=(u',...,u"™).

They are used together with their first-order partial derivatiygs:
uy = {ui'y,  w = Di(u®),
and higher-order derivatives,), . . ., u(), . . ., where
uy = {ug}, ug = DiD;j(u”),. ..,

u) = {ug b ui g, = Diy - Di(u®).
Here D, is the total differentiation with respect 0 :

0 0 0

D; = — a o o 1.1

oxt T ou® iy oug + (1.1)
A locally analytic functionf (x, u, uq), . . ., u)) of any finite number of the vari-
ablesz, u, uqy, u), - . . is called adifferential function The set of all differential func-

tions is denoted byl. For more details see [4], Chapter 8.

2



Nonlinear self-adjointness in constructing conservation laws 3

1.2 Linear self-adjointness

Recall that the adjoint operatdt* to a linear operatof’ in a Hilbert spacdd with a
scalar productu, v) is defined by

(Fu,v) = (u, F*v), wu,v € H. (1.2)

Let us consider, for the sake of simplicity, the case of one dependent variable
and denote by the Hilbert space of real valued functiongz) such thatu?(z) is
integrable. The scalar product is given by

(u,v) = / u(w)v()de,

Let F' be a linear differential operator iff. Its action on the dependent variahias
denoted byF'[u]. The definition (1.2) of the adjoint operaté¥* to F,

(F'lu],v) = (u, F*[v]),
can be written, using the divergence theorem, in the simple form
vF[u] — uF*[o] = Di(p), (1.3)

wherev is a new dependent variable, apichre any functions of, u, v, u), v(), - - . .
It is manifest from Eq. (1.3) that the operatdirsaand F* are mutually adjoint,

(F*) = F. (1.4)

In other words, the adjointness of linear operatorssgrametric relation

The linear operatof’ is said to be self-adjoint if™* = F' In this case we say that
the equationF'[u] = 0 is self-adjoint. Thus, the self-adjointness of a linear equation
F[u] = 0 can be expressed by the equation

F*[v] = Fu]. (1.5)

1.3 Adjoint equations to nonlinear differential equations

Let us consider a system of differential equations (linear or nonlinear)

Fa(x,u,u(l),...,u(s)) =0, a=1,...,m, (1.6)
with m dependent variables= (u', ..., u™). Egs. (1.6) involve the partial derivatives
U1y, - - -, Us) UP to orders.
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Definition 1.1. Theadjoint equationgo Egs. (1.6) are given by

F;‘(as,u7v,u(1)7v(1),...7u(s),v(s)) :0, o = 1,...,m, (1.7)
with ”
F (2, u,0,u01), 001y, - - -, Ugs), Us)) = S (1.8)

where, is theformal Lagrangianfor Egs. (1.6) defined by
EZUﬂFﬁEZUBFﬁ. (1.9
B=1

Herev = (v',...,v™) are new dependent variables,), . . ., v, are their derivatives,
e.g.vq) = {v9'}, vf = D;(v*). We used/ou” for the Euler-Lagrange operator

) 0 b , P
S ue ;<_1) P D oug..;, @b
so that
Sy _ 0WFs) (0w o (0WOF)Y
oue ou® ou? ous,

The total differentiation (1.1) is extended to the new dependent variables:

Di= L e e d oy 9 e ?
O Ui ou® Y ove i 8u§-‘

(1.10)

«
(o P +
J

The adjointness afonlinearequations is not a symmetric relation. In other words,
nonlinear equations, unlike the linear ones, do not obey the condition (1.4) of mutual
adjointness. Instead, the following equation holds:

(F) =F (1.11)

whereF is thelinear approximatiorto ' defined as follows. We use the temporary
notation F[u] for the left-hand side of Eq. (1.6) and consid€fu + w] by letting
w < 1. Then neglecting the nonlinear termsurwe definel’ by the equation

Flu+w] ~ Flu] + Flw] (1.12)

For linear equations we have = F, and hence Eq. (1.11) is identical with Eq. (1.4).

1See [1]. An approach in terms of variational principles is developed in [5].

4
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Let usillustrate Eq. (1.11) by the equation

F =ugy —sinu=0. (1.13)
Eq. (1.8) yields
F* = %[v(uw —sinu)] = vy, — vcosu (1.14)
and
(F*)" = %[w(vw — V COS U)| = Wyy — W COS U. (1.15)

Let us findF by using Eq. (1.12). Sincénw ~ w, cosw ~ 1 whenw < 1, we have

Flu+w] = (u+ w)yy — sin(u + w)
= Ugy + Wy — SINUCOS W — SIN W COS U
R Ugy — SINU + Wy — W COS U,
= Flu] + wy, — wcosu.
Hence, by (1.12) and (1.15), we have

Flw] = wyy, —weosu = (F*)* (1.16)

in accordance with Eq. (1.11).

1.4 The case of one dependent variable

Let us consider the differential equation
F(I,U,U(l),...,U(S)) =0 (117)

with one dependent variableand any number of independent variables. In this case
Definition 1.1 of the adjoint equation is written

F*(JZ,U,U,U(l),U(l),...,U(s),v(s)) = O, (118)
where
* d(vF
F (I, Uy Uy U1), V(1)y - -+ 5 U(s), U(S)) = (5u ) : (119)
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1.5 Construction of adjoint equations to linear equations
The following statement has been formulated in [1, 3].

Proposition 1.1. In the case of linear differential equations and systems, the adjoint
equations determined by Eq. (1.8) and by Eg. (1.3) coincide.

Proof. The proof is based on the statement (see Proposition 7.1 in Section 7.2) that a
functionQ(u, v) is a divergence, i.6) = D;(h'), if and only if

5—Q:0, 5—Q:0, a=1,....,m. (1.20)
ou® ove
Let the adjoint operatoF™ be constructed according to Eqg. (1.3). Let us consider the
case of many dependent variables and write Eq. (1.3) as follows:

v Flu] = v’ Fj[v] + Di(p"). (1.21)
Applying to (1.21) the variational differentiations and using Egs. (1.20) we obtain
0(v Fplu]) _ 4
—————= = 0P F;v] = FX[v].
Su 504 B [U] a [U]

Hence, (1.8) coincides with*[v] given by (1.3).
Conversely, lef™*[v] be given by (1.8),

* _ 5(UFYF7 [U’])

Bbl=—%a—

Consider the expressidp defined by

$3(FJu])

ouP

Applying to the first expression fd@p the variational differentiations/ju* we obtain
0Q _ 0(v7Fplu])
Su® ou

Q = v Fslu] — uﬁFg[v] = v/ Fyu] — u

— 5§FE[U] = Frv] — 55F5[v] = 0.

Applying § /§v* to the second expression f@rwe obtain

S PR WL 01 PR N LT

dve ouP v ouP

o at'B

The reckoning shows that

(5i0‘ {UB(S(U;Z:.;[U])} = F,[ul. (1.22)

Thus@ solves Eq. (1.20) and hence Eq. (1.21) is satisfied. This completes the proof.

6



Nonlinear self-adjointness in constructing conservation laws 7

Remark 1.1. Let us discuss the proof of Eq. (1.22) in the case of a econd-order linear
operator for one dependent variable:

Flu] = a”(z)u; + b'(x)u; + c(z)u.

Then we have:
6(vF[u])

U =u [cv — vD;(b") + vD;D;(a”) — b'v; 4+ 2v;D;(a”) + a¥vyy] .
Whence, after simple calculations we obtain
o | 6(vF . y y y g
5 [U(UT[U])} = [cu+ b'w; + a”uy;|+{D;Dj(a”v) — D;(a”u;) — D;[uD;(a")]}

and, noting that the expression in the braces vanishes, arrive at Eq. (1.22).
Let us illustrate Proposition 1.1 by the following simple example.
Example 1.1. Consider the heat equation
Flul = u; —uge =0 (2.23)
and construct the adjoint operator to the linear operator
F =D, D? (1.24)
by using Eqg. (1.3). Noting that
vuy = Di(uv) — uwy,
Ve = Dyp(vuy) — vty = Dp(vuy — uvy) + Uy,
we have:

vFu) = v(u — Uge) = u(—v — Vge) + De(uv) + Dy(uv, — vuy).

Hence,

vF[u] — u(—vy — vgy) = Di(uv) + Dy (uv, — vuy).
Therefore, denoting= z', x = 22, we obtain Eq. (1.3) withF*[v] = —v; — v,, and
p' = wv, p* = uv, — vu,. Thus, the adjoint operator to the linear operator (1.24) is

F*=—-D, - D? (1.25)
and the adjoint equation to the heat equation (1.23) is writen— v, = 0, or
Vg + Vgp = 0. (1.26)

The derivation of the adjoint equation (1.26) and the adjoint operator (1.25) by the
definition (1.19) is much simpler. Indeed, we have:

O(vuy — Vug,)

Fr =
ou

= —Dy(v) — D3(v) = — (Vg + Vga)-
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1.6 Self-adjointness and quasi self-adjointness

Recall that a linear differential operatbris called aself-adjoint operatolif it is iden-

tical with its adjoint operatorf’ = F*. Then the equatior’[u] = 0 is also said to

be self-adjoint. Thus, the self-adjointness dfreear differential equation?'[u] = 0
means that the adjoint equatiét[v] = 0 coincides withF'[u] = 0 upon the substitu-
tion v = w. This property has been extended to nonlinear equations in [1]. It will be
called here thstrict self-adjointnesand defined as follows.

Definition 1.2. We say that the differential equation (1.17¥tsdctly self-adjointif the
adjoint equation (1.18) becomes equivalent to the original equation (1.17) upon the
substitution

v =U. (2.27)

It means that the equation
F (3:, Uy Uy - .. Ugs), u(s)) = )\F(a;, u,. .. ,u(s)) (1.28)

holds with a certain (in general, variable) coefficiant
Example 1.2. The Korteweg-de Vries (KdV) equation

Ut = Uggy + UlUy
is strictly self-adjoint [3]. Indeed, its adjoint equation (1.18) has the form

Vg = Upge + Uy
and coincides with the KdV equation upon the substitution (1.27).

In the case of linear equations the strict self-adjointness is identical with the usual
self-adjointness of linear equations.

Example 1.3. Consider the linear equation
U + a(x) Uy + 0(z)u, + c(x)u = 0. (1.29)
According to Egs. (1.18)-(1.19), the adjoint equation to Eq. (1.29) is written

)

@{v[utt + a(2)Ue + b(2)uy + c(x)u]} = DE(v) + D2(av) — D, (bv) + cv = 0.
Upon substituting = « and performing the differentiations it becomes

Uge + Az + (20" — b)uy + (a” =V + c)u = 0. (1.30)

According to Definition 1.2, Eqg. (1.29) is strictly self-adjoint if Eq. (1.30) coincides
with Eq. (1.29). This is possible if

b(z) = d'(z). (1.31)
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Definition 1.2 is too restrictive. Moreover, it is inconvenient in the case of systems
with several dependent variables= (u!,...,u™) because in this case Eq. (1.27) is
not uniquely determined as it is clear from the following example.

Example 1.4. Let us consider the system of two equations

1, 2,2 2
u, +uuy, —u; =0,

—ul =0 (1.32)

T

A VRN

U
with two dependent variables, = (u',u?), and three independent variables:, y.
Using the formal Lagrangian (1.9)

L =v"(u, + v’ul —uf) +v*(u —u})

and Egs. (1.8) we write the adjoint equations (1.7), changing their sign, in the form

v2 +utvl —of =0,

Yy
U; —v2=0. (1.33)

then the adjoint system (1.33) becomes

2 2,1 1_
Uy, +uuy —u, =0,
1 2 _
u, — uy =0,

which is not connected with the system (1.32) by the equivalence relation (1.28). But
if we set
Ul — u2 02 — ul

the adjoint system (1.33) coincides with the original system (1.32).

The concept of quasi self-adjointness generalizes Definition 1.2 and is more con-
venient for dealing with systems (1.6). This concept was formulated in [2] as follows.
The system (1.6) iquasi self-adjoinif the adjoint system (1.7) becomes equivalent
to the original system (1.6) upon a substitution

v = p(u) (1.34)

such that its derivative does not vanish in a certain domain of

¢'(u) #0, where ¢'(u)= H&g:;(ﬁu) H (1.35)

9
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Remark 1.2. The substitution (1.34) defines a mapping

v =p%u), a=1,...,m,
from them-dimensional space of variables= (u', ..., «™) into them-dimensional
space of variables = (v',...,v™). It is assumed that this mapping is continuously

differentiable. The condition (1.35) guarantees that it is invertible, and hence Egs.
(1.7) and (1.6) are equivalent. The equivalence means that the following equations
hold with certain coefficients” :
Fa*(x,u,gp, e UG, go(s)) = )\g Fg(x,u, e ,u(s)), a=1,...,m, (1.36)
where
p={e"(w)}, @) =A{Ds - Di, (¢*(w)}, o=1,...s. (1.37)
It can be shown that the matrj)x\’|| is invertible due to the condition (1.35).
Example 1.5. The quasi self-adjointness of nonlinear wave equations of the form
Ut — Uge = [, 2, U, ug, uy)
is investigated in [6]. The results of the paper [6] show that, e.g. the equation
Up — Ugy +Ur — u2 =0 (1.38)
is quasi self-adjoint and that in this case the substitution (1.34) has the form
v=e" (1.39)
Indeed, the adjoint equation to Eq. (1.38) is written
Vgt — Vg — 20Uy — 22UV + 20Ugy + 2uzv, = 0. (1.40)
After the substitution (1.39) the left-hand side of Eq. (1.40) takes the form (1.36):
Vgt — Vgp — 20Uy — 20y + 20Uy + 2UpVp = —€“[Uy — Uge + u? —u2].  (1.41)

It is manifest from Eq. (1.41) thatgiven by (1.39) solves the adjoint equation (1.40)
if one replaces by any solution of Eq. (1.38).

In constructing conservation laws one can relax the condition (1.35). Therefore |
generalize the previous definition of quasi self-adjointness as follows.

10
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Definition 1.3. The system (1.6) is said to lp@asi self-adjoinif the adjoint equations
(1.7) are satisfied for all solutionsof the original system (1.6) upon a substitution

v =p%u), a=1,...,m, (1.42)

such that

(u) # 0. (1.43)
In other words, the equations (1.36) hold after the substitution (1.42), where not all
©*(u) vanish simultaneously.

Remark 1.3. The condition (1.43), unlike (1.35), does not guarantee the equivalence
of Egs. (1.7) and (1.6) because the maifX || may be singular.

Example 1.6. It is well known that the linear heat equation (1.23) is not self-adjoint
(not strictly self-adjoinin the sense of Definition 1.2). Itis clear from Egs. (1.23) and
(1.26). Let us test Eq. (1.23) for quasi self-adjointness. Lettirgp(u), we obtain

/ / / "2
Ut = QP Ut, Vg = P Uy, Ugg = @ Ugg T @ Uy,

and the condition (1.36) is written:
@ (u) [ty + Uga] + @ (W)U = MUy — Ugy)].

Whence, comparing the coefficientsigfin both sides, we obtaih = ¢'(u). Then the
above equation becomes

(W) + tao] + " (wiy = @ (u) [ty — Uaa].

This equation yields that'(x) = 0. Hence, Eqg. (1.23) is quasi self-adjoint with the
substitutionv = C, whereC' is any non-vanishing constant. This substitution does not
satisfy the condition (1.35).

Example 1.7. Let us consider the Fornberg-Whitham equation [7]
Up — Upgy — UWlgpy — SUgUgy + UUL + Uy = 0. (1.44)
Egs. (1.18)-(1.19) give the following adjoint equation:
F* = —0p 4+ Vg + W0gpe — U0, — Uy = 0. (1.45)

It is manifest from the equations (1.44) and (1.45) that the Fornberg-Whitham equation
is not strictly self-adjoint. Let us test it for quasi self-adjointness. Inserting in (1.45)
the substitutiony = ¢(u) and its derivatives

/ / / "2 / 1
Vg = QU, Vg = QUp, VUgg=QUzgz T Q@ Uy, Vig = @Uyg + @ UWlg,...,

then writing the condition (1.36) and comparing the coefficientsuforu;,, u.., ...
one can verify thaty’(u) = 0. Hence, Eq. (1.44) is quasi self-adjoint but does not
satisfy the condition (1.35).

11



12 Nail H. Ibragimov

2 Strict self-adjointness via multipliers

It is commonly known that numerous linear equations used in practice, e.g. linear evo-
lution equations, are not self-adjoint in the classical meaning of the self-adjointness.
Likewise, useful nonlinear equations such as the nonlinear heat equation, the Burgers
equation, etc. are not strictly self-adjoint. We will see here that these and many other
equations can be rewritten in a strictly self-adjoint equivalent form by using multipli-
ers. The general discussion of this approach will be given in Section 3.7.

2.1 Motivating examples

Example 2.1. Let us consider the following second-order nonlinear equation
Uzz + f(0)uy —ug =0, (2.1)
Its adjoint equation (1.18) is written
Ve — f(u)vy + v, = 0. (2.2)

It is manifest that the substitutian= « does not map Eq. (2.2) into Eq. (2.1). Hence
Eqg. (2.1) is not strictly self-adjoint.
Let us clarify if EQ. (2.1) can be written in an equivalent form

N(uﬂumz + f(u)ux - ut] =0 (2.3)

with a certain multiplier(u) # 0 so that Eq. (2.3) is strictly self-adjoint. The formal
Lagrangian for Eq. (2.3) is

L =vp(u)|tg + fu)u, —uy.

We have:
oL

<. = Diln(u)v] = Dofp(u) f(w)o] + Dylp(u)e]

+ 1 (Woluge + fw)ue —u + p(uw) f'(u)vu,
whence, upon performing the differentiations,

oL
5 = W 4 201 Ve + 201 Up vy A p U — pfv, 4+ vy

The strict self-adjointness requires that

oL

E o = )\[umx + f(u)ux - ut]-

u

12



Nonlinear self-adjointness in constructing conservation laws 13

This provides the following equation for the unknown multipliér:) :
(14 2up Yugy + 20+ upJul — pfug + py = Ntge + fw)uy, —ug).  (2.4)

Since the right side of Eq. (2.4) does not contajnwe should havey’ + up” = 0,
whencen = Ciu~! + C,. Furthermore, comparing the coefficientsufin both sides
of Eq. (2.4) we obtain\ = —u. Now Eg. (2.4) takes the form

(Cy — Cru™ Ntge — (Cru™" 4+ Co) fuy = —(Cru™ + Co)[uae + f(u)uy]
and yieldsC;, = 0. Thus, = C;u~!. We can letC; = —1 and formulate the result.

Proposition 2.1. Eq. (2.1) becomes strictly self-adjoint if we rewrite it in the form
1

" [up — Upy — f(u)u,] = 0. (2.5)
Example 2.2. One can verify that theth-order nonlinear evolution equation
ou d"u
o fWg =0, f(w) £0, (26)

with one spatial variable is not strictly self-adjoint. The following statement shows
that it becomes strictly self-adjoint after using an appropriate multiplier.

Proposition 2.2. Eq.(2.6) becomes strictly self-adjoint upon rewriting it in the follow-
ing equivalent form:

L {@ an“} — 0. 2.7)

uf(u) |0t J(w) ox™
Proof. Multiplying Eq. (2.6) byu () and taking the formal Lagrangian

L = vp(w)[ur — f(u)un],
whereu,, = D}(u), we have:

% = —Dy[p(u)v] — D2 {p(u) f(w)v] + vp' (w)uy — vlp(w) f(w)] vy,

Noting that— D, [u(u)v] + vi/(u)uy = —p(u)vy and lettingy = u we obtain
oL

ou

= —p(w)ue — Dy [p(u) f(u)u] = [p(u) f ()] vty

v=U

If we takep(u) = [uf(u)]™t, thenpu(u) f(u)u =1, pu(u)f(u) = vt and hence

oL
sul_ = T uf(w) [uy — f(w)un).

Thus, Eq. (2.7) satisfies the strict self-adjointness condition (1.28)with-1.

1

13



14 Nail H. Ibragimov

2.2 Linear heat equation

Taking in (2.5)f(u) = 0, we rewrite the classical linear heat equatign= u,, in the
following strictly self-adjoint form:

L e — waa] = 0. (2.8)

u

This result can be extended to the heat equation

uy — Au =0, (2.9)
where Au is the Laplacian withn variablesr = (z!,...,2"). Namely, the strictly
self-adjoint form of EqQ. (2.9) is

1
— [uy — Au) = 0. (2.10)
u

Indeed, the formal Lagrangian (1.9) for Eq. (2.10) has the form

,C:E[ut—Au].

u
Substituting it in (1.19) we obtain
s~ D (Y A(YY - L -
P =0 (2) - (2) - - sl
Upon letting v = u it becomes

1
F* = ——[u; — Aul.
u

Hence, Eq. (2.10) satisfies the condition (1.28) with —1.

2.3 Nonlinear heat equation

Consider the nonlinear heat equation- D, (k(u)u,) = 0, or

uy — k(u)pe — k' (u)uZ = 0. (2.11)

Its adjoint equation has the form

vy + k(u)vg, = 0.
Therefore it is obvious that (2.11) does not satisfy Definition 1.2. But it becomes
strictly self-adjoint if we rewrite it in the form

- [us — F(u)tg, — K (u)uz] = 0. (2.12)

u

14
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Indeed, the formal Lagrangian (1.9) for Eq. (2.12) is written

L= % [uy — k(u)ug — K (w)u?] .

xT

Substituting it in (1.19) we obtain
F*=—D, (%) _ D (% k(u)) +2D, (% K (),

U Y 2 v ! 2
- E'(0) Uy, — " k" (u)uy — e [uy — k(u)ug, — K (w)u?] .

Letting herev = u we have:

F* = —% [uy — k(u)ug, — K (w)u?] .

Hence, Eq. (2.10) satisfies the strict self-adjointness condition (1.28)\wwith-1.

2.4 The Burgers equation
Taking in (2.5)f(u) = u we obtain the strictly self-adjoint form

1
— [uy — Ugy] —uyp =0 (2.13)

u

of the Burgers equation, = u,, + uu,.

2.5 Heat conduction in solid hydrogen

According to [8], the heat conduction in solid crystalline molecular hydrogen at low
pressures is governed by the nonlinear equation (up-to positive constant coefficient)

uy = u*Au. (2.14)
It is derived from the Fourier equation

or
Py = V- (kVT)

using the empirical information that the densitgt low pressures has a constant value,
whereas the specific heatand the thermal conductivity have the estimations

=T k=T (1+TY 7%
Itis also shown in [8] that the one-dimensional equation (2.14),

U = u2u:m’ ’ (215)

15



16 Nail H. Ibragimov

is related to the linear heat equation by a non-point transformation (Eq. (5) in [8]). A
similar relation was found in [9] for another representation of Eq. (2.15). The non-
point transformation of Eq. (2.15) to the linear heat equation

Ws = Wee (216)
is written in [10] as the differential substitution
t=s T=w, u=uw;. (2.17)

It is also demonstrated in [10], Section 20, that Eq. (2.15) is the unique equation with
nontrivial Lie-Backlund symmetries among the equations of the form

u = f(u) + h(u,ug), f'(u) #0.

The connection between Eq. (2.15) and the heat equation is treated in [11] as a re-
ciprocal transformation [11]. It is shown in [12] that this connection, together with
its extensions, allows the analytic solution of certain moving boundary problems in
nonlinear heat conduction.

Our Example 2.2 from Section 2.1 reveals one more remarkable property of Eq.
(2.15). Namely, takingr = 2 and f(u) = »? in Eq. (2.7) we see thdq. (2.15)
becomes strictly self-adjoint if we rewrite it in the form

Uy Ugy

_ Uaz (2.18)

u3 U

2.6 Harry Dym equation

Taking in Example 2.2 from Section 2:iil= 3 and f(u) = u® we see that the Harry
Dym equation
Up — UWppy = 0 (2.19)

becomes strictly elf-adjoint upon rewriting it in the form

Uy Ugzx

=0.
ut U

2.7 Kompaneets equation

The equations considered in Sections 2.1 - 2.6 are quasi self-adjoint. For example, for
Eq. (2.6) we have

F* = —v, — Dy (f(u)v) — vf'(u)un,
whence making the substitution
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we obtain ) ) )
F*—Lut—iun— /

N fre

Hence, Eq. (2.6) is quasi self-adjoint.

[ur — f(w) un).

Example 2.3. The Kompaneets equation

1

= D, [2*(uy + u+ u?)] (2.20)

Uy =

provides an example of an equation that is not quasi self-adjoint. Indeed, Eq. (2.20)
has the formal Lagrangian

L = v[—us + 2%Upe + (2% + 4z + 220%0)u, + da(u + u?)].
The calculation yields the following adjoint equation to (2.20):

oL

5 = + 2%04 — 2%(1 4 2u)v, + 2(x + 22u — 1)v = 0. (2.21)
u
Lettingv = ¢(u) one obtains:
L = )t 2 — 2204 20
Ulo=p(u)

+ ¢ (w)r*u? + 2(z + 2zu — 1)p(u).
Writing the quasi self-adjointness condition (1.36) in the form

oL

Su = A=y + 2%y + (2% + 42 + 22%0)u, + 42 (u + u?)]
u

v=p(u)

and comparing the coefficients foyin both sides one obtains= —¢'(u), so that the
guasi self-adjointness condition takes the form

@ (w)[ug + gy — (1 + 2u)uy] + " (u)r*u? + 2(x + 22u — 1)@(u)

= ' (W) [uy — *Upy — (2* + 42 + 227U )u, — 42(u 4+ u?)).
Comparing the coefficients far,, in both sides we obtaip’(u) = 0. Then the above
equation becomegs +2zu—1)p(u) = 0 and yieldsp(u) = 0. Hence the Kompaneets
equation is not quasi self-adjoint because the condition (1.43) is not satisfied.
But we can rewrite Eq. (2.20) in the strictly self-adjoint form by using a more
general multiplier than above, namely, the multiplier

P (2.22)

u

17



18 Nail H. Ibragimov

Indeed, upon multiplying by this Eq. (2.20) is written

7 1 A )
—uy == D, [#*(uy + u+u?)].
u u

Its formal Lagrangian
L= % {—2*u + D, [z (up + u+u?)]}

satisfies the strict self-adjointness condition (1.28) wits —1 :

oL

1
LN Lt D, [+ u )]

u

Remark 2.1. Note thatv = 22 solves Eq. (2.21) for any. The connection of this
solution with the multiplier (2.22) is discussed in Section 3.7. See also Section 4.

3 General concept of nonlinear self-adjointness

Motivated by the examples discussed in Sections 1 and 2 as well as other similar ex-
amples, | suggest here the general conceptarflinear self-adjointnesef systems
consisting of any number of equations withdependent variables. This concept en-
capsulates Definition 1.2 of strict self-adjointness and Definition 1.3 of quasi self-
adjointness. The new concept has two different features. They are expressed below by
two different but equivalent definitions.

3.1 Two definitions and their equivalence
Definition 3.1. The system ofrn differential equations (compare with Eqgs. (1.6))
Fd(x,u,uu),...,U(s)) =0, a=1,...,m, (3.1)

with m dependent variables = (u!,...,u™) is said to benonlinarly self-adjointif
theadjoint equations

F;(l',u,U,U(l),U(l),...,U(S),U(S)) = Sue :O, a = 1,...,m, (32)

are satisfied for all solutions of the original system (3.1) upon a substitution

[0}

v = ¢%(z,u), a=1,...,m, (3.3)

such that
o(z,u) # 0. (3.4)

18
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In other words, the following equations hold:
F;‘(x,u, oz, u), ... Uy, go(s)) = /\g Fg(aj,u, o ,u(s)), a=1,...,m, (3.5)
where)\g are undetermined coefficients, apg, are derivatives of (3.3),

0oy =1{Di - Dy, (¢*(z,u))}, o=1,...,s

Herev andy are them-dimensional vectors

and Eqg. (3.4) means that not all componepitéz, u) of ¢ vanish simultaneously.

Remark 3.1. If the system (3.1) i©ver-determinedi.e. m > m, then the adjoint
system (3.2) isub-definitesince it containsn < m equations fofm new dependent
variablesv. Vise versa, ifm < m, then the system (3.1) is sub-definite and the adjoint
system (3.2) is over-determined.

Remark 3.2. The adjoint system (3.2), upon substituting there any solutiar) of

Egs. (3.1), becomes a linear homogeneous system for the new dependent vatiables
The essence of Egs. (3.5) is that for the self-adjoint system (3.1) there exist functions
(3.3) that provide a non-trivial (not identically zero) solution to the adjoint system
(3.2) for all solutions of the original systeif8.1). This property can be taken as the
following alternative definition of the nonlinear self-adjointness.

Definition 3.2. The system (3.1) is nonlinearly self-adjoint if there exist functioths
given by (3.3) that solve the adjoint system (3.2) for all solutiofis) of Eqgs. (3.1)
and satisfy the condition (3.4).

Proposition 3.1. The above two definitions are equivalent.

Proof. Let the system (3.1) be nonlinearly self-adjoint by Definition 3.1. Then, ac-
cording to Remark 3.2, the system (3.1) satisfies the condition of Definition 3.2.

Conversely, let the system (3.1) be nonlinearly self-adjoint by Definition 3.2. Namely,
let the functionsy® given by (3.3) and satisfying the condition (3.4) solve the adjoint
system (3.2) fomll solutionsu(z) of Egs. (3.1). This is possible if and only if Egs.
(3.5) hold. Then the system (3.1) is nonlinearly self-adjoint by Definition 3.1.

Example 3.1. It has been mentioned in Example 1.2 that the KdV equation

19



20 Nail H. Ibragimov

is strictly self-adjoint. In terms of Definition 3.2 it means that « solves the adjoint
equation
UV = Ugpe + UV, (3.7)

for all solutions of the KdV equation (3.6). One can verify that the general substitution
of the form (3.3)p = ¢(t, x, u), satisfying Eq. (3.5) is given by

v=A; + Ayu + Az(x + tu), (3.8)

whereA;, A,, Az are arbitrary constants. One can also checkdltaven by Eg. (3.8)
solves the adjoint equation (3.7) for all solutiansf the KdV equation. The solution

v = x + tu is an invariant of the Galilean transformation of the KdV equation and
appears in different approaches (see [10], Section 22.5, and [13]). Thus, the KdV
equation is nonlinearly self-adjoint with the substitution (3.8).

Proposition 3.2. Any linear equation is nonlinearly self-adjoint.

Proof. This property is the direct consequence of Definition 3.2 because the adjoint
equationF*[v] = 0 to a linear equatio'[u]| = 0 does not involve the variable

3.2 Remark on differential substitutions

One can further extend the concept of self-adjointness by replacingadiné-wise
substitution (3.3) withdifferential substitutions of the form

v = (@, u gy, uey), a=1,...,m. (3.9
Then Egs. (3.5) will be written, e.g. in the case- 1, as follows:
FE (20,0, u(s), 0(s) = A2 F5 + MNP Dy (Fp). (3.10)
Example 3.2. The reckoning shows that the equation
Uyy = sinu (3.11)

is not self-adjoint via a point-wise substitution= ¢(z, y, u), but it is self-adjoint in
the sense of Definition 3.1 with the following differential substitution:

v=@(z,y, Uy, uy) = Ar[ru, — yu,| + Asu, + Asu,, (3.12)
whereA;, A,, Asare arbitrary constants. The adjoint equation to Eq. (3.11) is
Ugy —VCOsSU = 0,

and the self-adjointness condition (3.10) with the functiagiven by (3.12) is satisfied
in the form

Ouy — peosu = (A1x + Ag) Dy (uyy — sinu) + (As — A1y) Dy (uyy — sinu). (3.13)

20
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3.3 Nonlinear heat equation
3.3.1 One-dimensional case

Let us apply the new viewpoint to the nonlinear heat equation (2u1 1, (k(u)u, ).,
discussed in Section 2.3. We will take it in the expanded form

wy — k(u)uge — k' (u)u2 =0, k(u) #0. (3.14)
The adjoint equation (1.18) to Eq. (3.14) is
v + k() = 0. (3.15)
We take the substitution (3.3) written together with the necessary derivatives:
U= ()O(t, x? u)?
U = Pyl + P, Vg = Pyl + P, (316)

and arrive at the following self-adjointness condition (3.5):

= Mup — k(u)uge — K (u)u?].

T

(3.17)

The comparison of the coefficients of in both sides of Eq. (3.17) yields = ¢,.
Then, comparing the terms witly, we see that,, = 0. Hence Eq. (3.17) reduces to

pr + k(u)pe =0 (3.18)
and yieldsp; = 0, ., = 0, whencep = Cyz + Cy, whereC, Cy = const. We have

demonstrated that Eq. (3.14) is nonlinearly self-adjoint by Definition 3.1 and that the
substitution (3.3) has the form

U201I+CQ. (319)

The same result can be easily obtained by using Definition 3.2. We look for the
solution of the adjoint equation (3.15) in the form= (¢, ). Then Eq. (3.15) has
the form (3.18). Since it should be satisfied for all solutioref Eq. (3.14), we obtain
o =0, ¢ =0, and hence Eq. (3.19).

21
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3.3.2 Multi-dimensional case

The similar analysis can be applied to the nonlinear heat equation with several variables
r= (2t .. 2"):
u =V - (k(u)Vu), (3.20)

or
ug — k(u) Au — K (u)|Vul* = 0. (3.21)

The reckoning shows that the adjoint equation (1.18) to Eq. (3.21) is written
v + k(u) Av = 0. (3.22)

It is easy to verify the nonlinear elf-adjointness by Definition 3.2. Namely, searching
the solution of the adjoint equation (3.22) in the formas (¢, 2!, ..., 2™), one obtains

or + k(u) Ap =0,

whence
o =0, Ap=0.

We conclude that Eq. (3.21) is self-adjoint and that the substitution (3.3) is given by
v=o(z',. .. "), (3.23)

wherep(z!, ... z") is any solution of thex-dimensional Laplace equatiaky = 0.

3.4 Anisotropic nonlinear heat equation
3.4.1 Two-dimensional case

Consider the heat diffusion equation

in an anisotropic two-dimensional medium (see [14], vol. 1, Section 10.8) with arbi-
trary functionsf(u) andg(u). The adjoint equation is

v+ () g + g(w)vy, = 0. (3.25)

Using Definition 3.2 we obtain the following equations for nonlinear self-adjointness
of Eq. (3.24):
Pt = 07 Pz = O; Pyy = 0. (326)

Integrating Egs. (3.26) we obtain the following substitution (3.3):

v:Clxy+C'2x+ng+C4. (327)

22
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3.4.2 Three-dimensional case

The three-dimensional anisotropic nonlinear heat diffusion equation has the following
form (see [14], vol. 1, Section 10.9):

= (f(wus), + (g(wuy), + (hlwy). (3.28)
Its adjoint equation is
v+ f(w) Vg + g(w)vyy + h(uw)v,, = 0. (3.29)
Eq. (3.28) is nonlinearly self-adjoint. In this case the substitution (3.27) is replaced by

v=Crayz+ Coay+ Cyxz+ Cyyz+ Csx + Cogy + Cr 2z + Cs. (3.30)

3.5 Nonlinear wave equations
3.5.1 One-dimensional case

Consider the following one-dimensional nonlinear wave equation:
or in the expanded form

e — k(u)uge — k' (u)u

2 =0. (3.32)
The adjoint equation (1.18) to Eq. (3.31) is written

vy — k(u)vg, = 0. (3.33)

Proceeding as in Section 3.3.1 or applying Definition 3.2 to Eqgs. (3.32), (3.33)

by lettingv = (¢, x), we obtain the following equations that guarantee the nonlinear
self-adjointness of Eq. (3.31):

Pt = 07 Pz = 0. (334)
Integrating Egs. (3.34) we obtain the following substitution:

v:C’ltx+Cgt+ng+C4. (335)

23
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3.5.2 Multi-dimensional case

The multi-dimensional version of Eq. (3.31) with= (x!, ..., z") is written

ug =V - (k(u)Vu), (3.36)
or
uy — k(u) Au — K (u)|Vul* = 0. (3.37)
The adjoint equation is
vy — k(u) Av = 0. (3.38)
Using Definition 3.2 and searching the solution of the adjoint equation (3.38) in the
formov = (¢, 2!, ..., 2"), we obtain the equations

o =0, Ap=0.
Solving them we arrive at the following substitution (3.3):
v =a(x)t+b(x), (3.39)
wherea(x) andb(x) solve thev-dimensional Laplace equation,
Aa(zt,...,2") =0, Ab(z',...,z")=0.
Hence Eq. (3.36) is nonlinearly self-adjoint.

3.5.3 Nonlinear vibration of membranes

Vibrations of a uniform membrane whose tension varies during deformations are de-
scribed by the following Lagrangian:

1
L=- [uf — k(w) <u2 + ui)} . K(u) £0. (3.40)
The corresponding Euler -Lagrange equation
oL oL oL oL
52 () 2 () -2 () =0
provides the nonlinear wave equation
1
Uy = k() (Uge + Uyy) + 3 K (u) (u? + ul). (3.41)

Note that Eq. (3.41) differs from the two-dimensional nonlinear wave equation (3.37)
by the coefficientl /2. Let us find out if this difference affects self-adjointness.

24
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By applying (3.2) to the formal Lagrangian of Eq. (3.41) we obtain:
F* = v — k(u) (Van + yy) — K (1) (UaVg + Uy 0y + Vit + Vity,) — g K" () (u2 +u2).
We take the substitution (3.3) together with the necessary derivatives (see Egs. (3.16)):

v=p(t,7,y,u), V=Pt
Uz = Pully + Poy Uy = Pully + Py,
Unz = Pullze + Puutiy + 2P00ulls + Pra, (3.42)
Uy = Pullyy + Punlly + 20yutly + Pyy,
Uy = Qullr + Punlly + 200U + Pu,
and substitute the expressions (3.42) in the self-adjointness condition (3.5):
"

e = M = () (s + 1) — 5 K02+ )],

Comparing the coefficients af,; we obtain\ = ¢,. Then we compare the coeffi-
cients ofu,, and obtainy k'(v) = 0. This equation yields» = 0 becausé’(u) # 0.
Thus, the condition (3.4) is not satisfied for the point-wise substitution (3.3). Fur-
ther investigation of Eq. (3.41) for the nonlinear self-adjointness requires differential
substitutions.

3.6 Anisotropic nonlinear wave equation
3.6.1 Two-dimensional case

The two-dimensional anisotropic nonlinear wave equation is (see [14], vol. 1, Section
12.6)

Its adjoint equation has the form
Uy — f(u)vge — g(u)vy, = 0. (3.44)

Proceeding as in Section 3.4 we obtain the following equations that guarantee the self-
adjointness of Eq. (3.43):

Pt = 07 Prx = 07 pry = 0 (345)
Integrating Egs. (3.45) we obtain the following substitution (3.3):

v=Citey + Cotr + Csty + Cyaxy + Cst + Cogx + Cry + Cs. (3.46)

25
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Remark 3.3. | provide here detailed calculations in integrating Egs. (3.45). The gen-
eral solution to the linear second-order equatign= 0 is given by

o = A(z,y)t + B(z,y) (3.47)

with arbitrary functionsA(zx, y) and B(z, y). Substituting this expression farin the
second and third equations (3.45) and splitting with respegotobtain the following
equations fotd(z, y) and B(z,y) :

A, =0, A, =0,

B =0, By, =0.
Substituting the general solution

A =ai(y)r + as(y)

of the equatiord,, = 0 in the equatior4,,, = 0 and splitting with respect to, we
obtaina} = 0, aj = 0, whence

a1 = 1Y + C12, G2 = Co1Y + Cag,

wherecyy, . . ., coo are arbitrary constants. Substituting these in the above expression
for A we obtain

A = ey + cror + o1y + Co9.
Proceeding likewise with the equations #(x, y), we have

B = dy1rvy + digw + dory + dao

with arbitrary constant coefficients, . . ., dy2. Finally, we substitute the resulting
andB in the expression (3.47) far and, changing the notation, arrive at (3.46).

3.6.2 Three-dimensional case

The three-dimensional anisotropic nonlinear wave equation

has the following adjoint equation
v — f(u)vge — g(u)vyy — h(u)v,, = 0. (3.49)

In this case Egs. (3.45) are replaced by
o =0, @z =0, Pyy,  Pzz = 0
and yield the following substitution (3.3):
v=Ctryz + Cytey + Cstrz + Cytyz + Cstr + Cgty + Cr tz

(3.50)
+Csay + Coxz+ Cioyz + Crut + Crox + Cizy + Cry 2z + Chs.
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3.7 Nonlinear self-adjointness and multipliers

The approach of this section is not used for constructing conservation laws. But it may
be useful for other applications of the nonlinear self-adjointness.

Theorem 3.1. The differential equation (1.17),
F(:v, U, U1, - - - ,u(s)) =0, (3.51)

is nonlinearly self-adjoint (Definition 3.1) if and only if it becomes strictly self-adjoint
(Definition 1.2) upon rewriting in the equivalent form

(@, w)F (2, u,uy, ..o u) =0, ple,u) #0, (3.52)

with an appropriate multipliet(z, u).

Proof. We will write the condition (3.5) for nonlinear self-adjointness of Eq. (3.51) in

the form
S(vF)

5 = Az, u)F(x, U, U1y, - - - ,u(s)). (3.53)
u

v=¢p(z,u)

Furthermore, invoking that the equations (3.52) and (3.51) are equivalent, we will write
the condition (1.28) for strict self-adjointness of Eq. (3.52) in the form

S(wuF)
ou

= 5\(51:, u)F(x, U, U1y - - - 7u(s)). (3.54)

w=u

Sincew is a dependent variable and = u(x,u) is a certain function of, u, the
variational derivative in the left-hand side of (3.54) can be written as follows:

—5(w,uF) = wa—'u F+ ,uwa—F - D; (ﬂwaF) + D;D; (uw oF ) —

ou ou ou ou; Ou;;
o S(vF)
=w—F
Y ou + ou

whereuv is the new dependent variable defined by
v = p(x,u)w. (3.55)
is the new dependent variable insteadioNow the left side of Eq. (3.54) is written

S(wuk) _ ou d(vF)
ou _U%F+ ou

w=u v=up(z,u)

(3.56)
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28 Nail H. Ibragimov

Let us assume that Eq. (3.51) is nonlinearly self-adjoint. Then Eq. (3.53) holds
with a certain given functiop(z, u). Therefore, we take the multiplier

o(r,u)

p(x,u) = (3.57)

and reduce Eq. (3.56) to the following form:

W'M: (54

This proves that Eq. (3.54) holds with

Hence, Eq. (3.52) with the multipliger given by (3.57) is strictly self-adjoint.

Let us assume now that Eq. (3.52) with a certain multigliet, «) is strictly self-
adjoint. Then Eq. (3.54) holds. Therefore, if we take the funcitasefined by (see
(3.57))

o(z,u) = up(r,u), (3.58)
Eq. (3.56) yields:
d(vF)

= (:\ — u%) F.
ou (1) U

It follows that Eq. (3.53) holds with

- O
We conclude that Eqg. (3.51) is nonlinearly self-adjoint, thus completing the proof.

Example 3.3. The multiplier (2.22) used in Example 2.3 and the function= 2>
that provides a solution of the adjoint equation (2.21) to the Kompaneets equation are
related by Eq. (3.58).

Example 3.4. Let us consider the one-dimensional nonlinear wave equation (3.32),

Uy — k(u) gy — K (w)u2 = 0.

T

If we substitute in (3.57) the functiop given by the right-hand side of (3.35) we will
obtain the multiplier that maps Eq. (3.32) into the strictly self-adjoint equivalent form.
For example, taking (3.35) withy = C3 = Cy = 0, Cy = 1 we obtain the multiplier

="
U
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The corresponding equivalent equation to Eq. (3.32) has the formal Lagrangian

tv 9

L= Z[Utt — k(u)uge — k' (u)u].

We have
oL tv tv tv tv tv

t t t
+2D, <—U k'(u)u:p> _— K (u)u? + —Z K (u)u?.
u u

Letting herev = u we see that the strict self-adjointness condition is satisfied in the

following form:
oL

ou

_ —%[utt — k(w)tge — K (u)u?].

v=Uu

4 Generalized Kompaneets equation

4.1 Introduction

The equation

%:%%{x4<g—z+n+n2)], (4.1)
known as the Kompaneets equation or ptton diffusion equatigrwas derived in-
dependently by A.S. Kompane&fd5] and R. Weymann [16]. They take as a starting
point the kinetic equations for the distribution function of a photor? gasl arrive, at
certain idealized conditions, at Equation (4.1). This equation provides a mathemati-
cal model for describing the time development of the energy spectrum of a low energy
homogeneous photon gas interacting with a rarefied electron gas via the Compton scat-
tering. Heren is the density of the photon gas (photon number dengiig)time and
x is connected with the photon frequencyy the formula

v
kT,’

Tr =

(4.2)

whereh is Planck’s constant ankl7, is the electron temperaturavith the standard
notationk for Boltzmann’s constant. According to this notatidm, has the meaning

2He mentions in his paper that the work has been done in 1950 and publisRegpant N. 336of
the Institute of Chemical Physics of the USSR Acad. Sci.

3Weymann uses Dreicer’s kinetic equation [17] for a photon gas interacting with a plasma which is
slightly different from the equation used by Kompaneets.
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30 Nail H. Ibragimov

of thephoton energyThe nonrelativistic approximation is used, i.e. it is assumed that
the electron temperatures satisfy the conditidh < mc?, wherem is the electron
mass and is the light velocity. The terrfow energy photon gaseans thaky < mc?.

The question arises if the idealized conditions assumed in deriving Eq. (4.1) may be
satisfied in the real world. For discussions of theoretical and observational evidences
for such possibility in astrophysical environments, for example in intergalactic gas, see
e.g. [18], [19] and the references therein. See also the recent publication [20].

4.2 Discussion of self-adjointness of the Kompaneets equation

For unifying the notation, the dependent variablen Eq. (4.1) will be denoted by
and Eq. (4.1) will be written further in the form

1

U= D, [x4(um +u+ uz)] . (4.3)

Writing it in the expanded form
Uy = 27Uy, + (2% + 42 + 20%0)u, + 42 (u + u?), (4.4)
we have the following formal Lagrangian for Eq. (4.3):
L = v[—u; + 2%Up, + (2% + 4z + 20%u)u, + 4z (u + u?)).
Working out the variational derivative of this formal Lagrangian,

oL

S0 = Dy(v) + D2(2*v) — D,[(2* + 4z + 22%u)v] + 22%vu, + 42(1 + 2u)v,
u

we obtain the adjoint equation to Eq. (4.3):

oL
Su = U + 220, — 22 (1 + 2u)v, + 2(z + 22u — 1)v = 0. (4.5)
u

If v = p(u), then

v= (W, vy =@ (W, Ve = O (WU + @ ()l

It follows that the quasi self-adjointness condition (1.36),

oL

Su = MN—uy + 2%Uqy + (2% + 4o + 22%0)uy + 4z (u + u?)],
u

v=ep(u)

is not satisfied.
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Let us check if this condition is satisfied in the more general form (3.5):

oL

5o = M—us + 2%Uyp + (2% + 4o + 22%0)u, + da(u + u?)). (4.6)

vzgo(t,x,u)

In this case

vy = Dy[p(t, v, u)] = uue + ¢y,

v, = Dy[p(t, v, u)] = puty + ¢, (4.7)
Inserting (4.7) in the expression for the variational derivative given by (4.5) and sin-
gling out in Eqg. (4.6) the terms containing andu..,., we obtain the following equa-
tion:

ults + U] = N~ + 72u4,).

Since this equation should be satisfied identicallyi@andu,,, it yields A = ¢, = 0.
Hencep = ¢(t,x) and Eq. (4.6) becomes:

O + T2 0pr — 22 (14 2u) ¢, + 2(z + 22u — 1) = 0. (4.8)

This equation should be satisfied identicallytinc and u. Therefore we nullify the
coefficient foru and obtain

whence

o(t,r) = c(t)z?
Substitution in Eq. (4.8) yieldg(t) = 0. Hence,v = (t,x) = Cx? with arbitrary
constantC. Since\ = 0 in (4.6) and the adjoint equation (4.5) is linear and homoge-
neous inv, one can le” = 1. Thus, we have demonstrated the following statement.

Proposition 4.1. The adjoint equation (4.5) has the solution
v = z? (4.9)

for any solutionu of Equation (4.3). In another worde Kompaneets equatida.3)
is nonlinearly self-adjointvith the substitution (3.3) given by (4.9).

Remark 4.1. The substitution (4.9) does not dependwomhe question arises on ex-
istence of a substitution = (¢, x, u) involving « if we rewrite Eq. (4.3) in an equiv-
alent form

alt, T, u)[—u; + 2%y + (2% + 42 + 220%u)u, + 4o(u + u?)] = 0 (4.4)

with an appropriate multipliett # 0. This question is investigated in next section for
a more general model.
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32 Nail H. Ibragimov

4.3 The generalized model

In the original derivation of Eq. (4.1) the following more general equation appears
accidentally (see [15], Egs. (9), (10) and their discussion):

= L@ (G s (4.10)

with undetermined functiong(u) andg(x). Then, using a physical reasoning, Kompa-
neets takeg (u) = n(1+n) andg(z) = x?. This choice restricts the symmetry proper-
ties of the model significantly. Namely, Equation (4.1) has only the time-translational
symmetry with the generator

0

X=o (4.11)

The symmetry (4.11) provides only one invariant solution, namely the stationary solu-
tion n = n(x) defined by the Riccati equation

dn+ 2, C
— +n"4+n=—.
dx x4

The generalized model (4.10) can be used for extensions of symmetry properties via
the methods opreliminary group classificatiofi21, 22]. In this way, exact solutions
known for particular approximations to the Kompaneets equation can be obtained. This
may also lead to new approximations of the solutions by taking into account various
inevitable perturbations of the idealized situation assumed in the Kompaneets model
(4.1).

So, we will take with minor changes in notation the generalized model (4.10):

= ﬁ DAR (@) us + f(W)}, H(z) #0. (4.12)

It is written in the expanded form as follows:
up = W) (Ugw + [ (w)ug) + 20 (z) (us + f(u)). (4.13)
We will write Eq. (4.13) in the equivalent form similar to (4.4
alt,z, u)| = up + h(@) (tze + [ (w)ug) + 20 (2) (us + fu))] =0, (4.14)
wherea # 0. This provides the following formal Lagrangian:
L=va(t,z,u)[ —u+ k() (v + f(Wu,) + 20 (z) (us + f(u))],  (4.15)
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wherev is a new dependent variable. For this Lagrangian, we have

oL

5 = = Di(va) + D2[h(z)va] — Du[h(x)f (u)va + 2k (z)val

+ h(x) f"(u) v au, + 20 (z) f'(u)va
+ va [ — w + h(2) (e + f(W)uy) + 210 (2) (ue + f(u))].

The reckoning shows that

oL

5 = D;(va) + hD*(va) — hf' Dy(va) + (W' f' — B )va
oo [ — w + (Uge + [lug)h + 2(ug + f)R]. (4.16)
Now we write the condition for the self-adjointness of Eq. (4.13) in the form

%
ou

= A =+ (U + fruz)h +2(uy + )R] (4.17)

v=p(tz,)

with an undetermined coefficient Substituting (4.16) in (4.17) we have:
Dy(pa) + hD2(pa) — hf' Do(pa) + (W f' = h")ea
+ oo [ — w + (tge + flug)h+ 2(uy + )R] (4.18)
=M = w4 (Uge + fuz)h+ 2(ug + fR].

Herep = p(t, z,u), a = a(t,z,u) and consequently (see (4.7))

Dy(pa) = (pa), us + (pa)y,
Dy(pa) = (a)y s + (0a)e, (4.19)
D2(pa) = (pa)y Uge + (9O) s U2 + 2(00) g Uy + (90) -

We substitute (4.16) in Eq. (4.18), equate the coefficients.fon both sides of the
resulting equation and obtaip«),, — pa, = —A. Hence,

A= —py,.

Using this expression fok and equating the coefficients féw.,, in in both sides of
Eq. (4.18) we getyw)., + v, = —ag,. It follows that(pa), = 0 and hence

ap = k(t,x).
Now Eq. (4.18) becomes:
ki + h(x)kpw — W' (2)k + f'(u)[P (2)k — h(z)k,] = 0.

33
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If f”(u) # 0, the above equation splits into two equations:
b (x)k — h(z)k, =0, ki + h(x)kye — B (2)k.

The first of these equations yieldst, ) = c(t)h(z), and then the second equation
shows that/(¢) = 0. Hence k = C h(x) with C' = const. LettingC' = 1, we have:

ap = h(x). (4.20)
Eq. (4.20) can be satisfied by taking, e.g.

&—@, » = u. (4.21)

Thus, we have proved the following statement.
Proposition 4.2. Eq. (4.12) written in the equivalent form

h(x)

u

y — %Dx{hQ(:c)[ux ol (4.22)

is strictly self-adjoint. In another words, the adjoint equation to Eq. (4.22) coincides
with (4.22) upon the substitution
v = u. (4.23)

In particular, let us verify by direct calculations that the original equation (4.3)
becomes strictly self-adjoint if we rewrite it in the equivalent form

2
1
r u =—D, [3:4(141 +u+ UQ)] . (4.24)
u u
Eq. (4.24) reads
a? at 4 gy 1 4 3
——ut+—um+[(x + 4z )—+2x]um+4x (I+u)=0 (4.25)
u u u

and has the formal Lagrangian
2V 4V 4 3\ Y 4 3
L=—2"—u + 2" — Uy, + [(3: + 42°)— + 22 v}ux+4ac (v + uv).
u u u
Accordingly, the adjoint equation to Eq. (4.25) is written
D, (x22> + D? (m43> - D, [(x4 + 4x3)2 + 2x4v}
u u u

v v Al U
+ 22 =y — 2t gy — (2t + 42— uy + 4230 = 0.
u? u? u?

Letting herev = w one has)/u = 1 and after simple calculations arrives at Eq. (4.25).
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5 Quasi self-adjoint reaction-diffusion models

Let us consider the one-dimensional reaction-diffusion model described by the follow-
ing system (see, e.g. [23]):

ou Pu 0 ov
i A—— 1+ =
O R L (<z>< 2 ) ,
) o? ) &
(% (% u
T g9(u,v) +B@ t o (WU,U)@ )
It is convenient to write Eqgs. (5.1) in the form
Dy(u) = ADZ(u) + D [¢(u, v) Dy (v)] + f(u,v),
(5.2)
Dy(v) = BD3(v) + Dy [i(u, w) Do (u)] + g(u, v).
The total differentiations have the form
D —2+ug+v3+u i—|—u i+v i+v i—l—
ot ou T v Mou, T Mo, "ou | o, ’
(5.3)
D —g—i—u 24—1} g—l—u i+u i—l—v i—irv i—l—
T Ox T ou v b Ouy " Oug b Ov, O,
and Egs. (5.2) are written
Uy = Aua:ac + ¢Uxx + [(buua: + (bvvx] Uy + f7
(5.4)
Uy = BU(EI + wu:ﬁ’lﬁ + WJUUJ? + l/Jvam] Uy + g.
The formal Lagrangian for the system (5.4) is
L = 2(AUgy — U + Uz + OuUgVy + vv§+
( 1+ ¢ ) ) ) 5.5)

+ w<Bvxa: — Ut + ¢uxw + @%Ui + wvuwvx + g)v

wherez andw are new dependent variables. Eqgs. (1.8) are written:

. 0L (oL oL oL\ oL
) ) oL L\ oL
AT (a) b (a—) b (a_) "o

Substituting here the expression (5.5) #Orwe obtain after simple calculations the
following adjoint equations (3.2) to the system (5.4):
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36 Nail H. Ibragimov

wam + Wt + (buumzx - wvuxwx + (bzrmc + va + WGy = 0. (57)

Let us investigate the system (5.4) for quasi self-adjointness (Definition 1.3). We
write the left-hand sides of Egs. (5.6) and (5.7) as linear combinations of the left-hand
sides of Egs. (5.4):

= (Aux:c — U + ¢v:m: + ¢uuxvx + ¢vvg25 + f)P
+ (Bvxx — Ut + W&m« + wuui + wvuxvx + g)Q?

= (Au:m: — U + ¢Uxx + ¢uuxvx + ¢vv§ + f)M
+ (Bvxaz — Ut + wuxx + wuui + 1%%% + g>N7

whereP, (), M and N are undetermined coefficients. We write the substitution (1.42)
in the form

z=Z(u,v), w=W(u,v) (5.10)

and insert in the left-hand sides of Eqgs. (5.8)-(5.9) these expressionsiddogether
with their derivatives

2t = Zyuy + Zyp, 2y = ZylUy + ZyUs,
2oz = Zullag + ZoVas + Zuully + 2ZulaVs + ZusUs,
wy = Wyuy + Wyvy,  wy = Wy + Wyvy,
Wag = Wallag + Wolze + Wanttl 4 2Wotiavy + Wiyt
Equating the coefficients far; andv; in both sides of Egs. (5.8)-(5.9) we obtain

P = _Zuu Q = _Zw

(5.11)
N=-W, M=-W,.

Now we calculate the coefficients far,, andv,.,, take into account Egs. (5.11) and
arrive at the following equations:

2AZ, + 17y + W, =0,
(A+ B)Zy+ ¢Zy + W, =0,
2BW, + ¢Z, + bW, = 0,
(A+ B)W, + ¢Z, + bW, = 0.

(5.12)
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Egs. (5.12) provide a linear homogeneous algebraic equations for the quantities
Z'lL? ZU? W’UJ W’LL
with the matrix
24 o Y 0
o A+ B 0 Y

0O ¢ ¢ 2B
¢ 0 A+B v

This matrix has the inverse because its determinant is equal to
4(A+ B)*(¢) — AB)

and does not vanish in the case of arbitrdry3, ¢ andv. Hence, Eqgs. (5.12) yield:

Zy=Zy=W, =W, =0. (5.13)
It follows thatZ (u, v) = Cy, W(u,v) = Cs. Thus, the substitution (1.42) has the form

z2=01, w=C0C (5.14)
with arbitrary constants”;, . Then Egs. (5.8)-(5.9) become
(C1f +Cog)u =0, (Cif +Cag)y =0

and yield 3

f+9=0C,
wheref = C,f, § = Cbg, andC = const. Sincef and g, along with f andg, are
arbitrary functions, we can omit the “tilde” and write

f+g=C. (5.15)

Eq. (5.15) provides the necessary and sufficient condition for the quasi self-adjointness
of the system (5.1). Thus, we have proved the following statement.

Theorem 5.1. The system (5.1) is quasi self-adjoint if and only if it has the form

% ptuuy+ a2l D (qﬁ(u,v)a—“) |

ot o0x? Oz 0x

) (5.16)
ov 0“v 0 ou
o ZC—f(UaU)+B@+% <¢(U7U)%>,

whereg(u,v), ¥(u,v), f(u,v) are arbitrary functions and, B, C' are arbitrary con-
stants. The substitution (1.42) is given by (5.14).
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Remark 5.1. If we replace (5.10) by the general substitution (3.3), i.e. take
z=Z(t,z,u,v), w=W(tx u,v)), (5.17)
then Egs. (5.14) will be replaced by
z=Z(t,x), w=W(tx), (5.18)

with functionsZ (t, z), W (t, z) satisfying the following equations:

(LW — dpuZ), =0, (5.19)
(5.20)
BWyw + Wi+ ¢ Zyw + (fZ 4+ gW), = 0.
6 A model of an irrigation system
Let us consider the second-order nonlinear partial differential equation
C)r = [K ()], + [K(¥) (Yo = 1)], = S(4). (6.1)

It serves as a mathematical model for investigating certain irrigation systems (see [14],
vol. 2, Section 9.8 and the references therein). The dependent varialgieotes the
soil moisture pressure head|v)) is the specific water capacitys () is the unsat-
urated hydraulic conductivity9(«)) is a source term. The independent variables are
the timet, the horizontal axisc and the vertical axis which is taken to be positive
downward.

The adjoint equation (3.2) to Eq. (6.1) has the form

CW) vy + K(¢) [Vgg + v22) + K'(Y)v, — S'(¢)v = 0. (6.2)

It follows from (6.2) that Eq. (6.1) is not nonlinearly self-adjoint@f(v), K (v)

and S(v) are arbitrary functions. Indeed, using Definition 3.2 of the nonlinear self-
adjointness and nullifying in (6.2) the term wiffY(¢)) we obtainu = 0. Hence, the
condition (3.4) of the nonlinear self-adjointness is not satisfied.

However, Eq. (6.1) can be nonlinearly self-adjoint if there are certain relations
between the function€'(v), K () and S(¢). For example, let us suppose that the
specific water capacitg’(y) and the hydraulic conductivity'(¢') are arbitrary, but
the source terns(v) is related withC'(y)) by the equation

S'(¢) =aC(), a = const. (6.3)
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Then Eqg. (6.2) becomes
C)[ve — av] + K(¥) [vaw + v22] + K'(¢)v. = 0

and yields:
v, =0, V=0, v,—av=0. (6.4)

We solve the first two equations (6.4) and obtain
v=p(t)z + q(t).
We substitute this in the third equation (6.4),
[P'(t) — ap(t)]z + ¢'(t) — aq(t) =0,
split it with respect tar and obtain:
p'(t) —ap(t) =0, ¢'(t) —aq(t) =0,

whence
p(t) =be™, q(t) =le™, b1 = const.

Thus, Eg. (6.1) satisfying the condition Eq. (6.3) is nonlinearly self-adjoint, and the
substitution (3.3) has the form

v = (bx + 1)e™. (6.5)

One can obtain various nonlinearly self-adjoint Equations (6.1) by considering
other relations betweefi(), K () andS(¢) different from (6.3).
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PART 2
Construction of conservation laws
using symmetries

7 Discussion of the operator identity

7.1 Operator identity and alternative proof of Noether’s theorem
Let us discuss some consequences of the operator identity

J

X + D;(¢) = Wo‘éu—anLD,Ni. (7.1)

Here 9 9 P 9
X = ¢ o_— a_— « ce 7.2
§ oz 0 ou TG ou T i oug ;. L (7.2)
Wa:na_gju;?‘7 a=1,...,m, (73)

) 0 - . 0
M_a_auaJr;(_l)Dil...Dism, a=1,...,m, (7.4)
and
NG — ¢ e O +iD' D;, (W) g i=1..,n (7.5)
N dug TR Sy LT T '

where the Euler-Lagrange operators with respect to derivatives afe obtained from
(7.4) by replacing. by the corresponding derivatives, e.g.

) 0 d 0
S > (~1)°Djy Dy, s 7.
5“? au? " 3:1( ) " " au%l'“js ( 6)

The coefficientg?, n* in (7.2) are arbitrargifferential function§see Section 1.1) and
the other coefficients are determined by the prolongation formulae

(= Di(Wo) + €, (= D Diy(Wo) + Esyy. . (1.7)

iy i1ig Jiriz?

The derivation of Eq. (7.1) is essentially based on Eqgs. (7.7).

“Recently | learned that the identity (7.1) was proved in [24]. Namely, Eq. (7.1) is the same (except
for notation) as Eqg. (19) from [24]. The operator identity (7.1) was rediscovered in [25] and used for
simplifying the proof of Noether's theorem. Accordingly, Eq. (7.1) was called in [25] the Noether
identity. See also [4], Section 8.4.
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Recall that Noether's theorem, associating conservation laws with symmetries of
differential equations obtained from variational principles, was originally proved by
calculus of variations. The alternative proof of this theorem given in [25] (see also
[10, 4]) is based on the identity (7.1) and is simple. Namely, let us consider the Euler-
Lagrange equations

oL

Sue
If we assume that the operator (7.2) is admitted by Eqgs. (7.8) and that the variational
integral

a=1,...,m. (7.8)

/E(x, U, U1y, - - .)dT

is invariant under the transformations of the group with the generattiren the fol-
lowing equation holds: 4
X(L)+ D;i(&)L = 0. (7.9)

Therefore, if we act oif by both sides of the identity (7.1),

X(£) + DieNL = WL | DNY(L)] |

ou

and take into account Egs. (7.8), (7.9), we see that the vector with the components
C'=N(L), i=1,...,n, (7.10)
satisfies the conservation equation

Di(C")| 75 = 0- (7.11)

For practical applications, when we deal with law order Lagrangiantss convenient
to restrict the operator (7.5) on the derivatives involved iand write the expressions
(7.10) in the expanded form

oL oL oL
au? — Dj <8?> + D]Dk (W) o ] (712)

i ijk

. |oc oL
oy [ 2 (22 1.

ijk

C'=¢L+W*

— —
auijk

+ DD, (W) [ oL ]

Thus, Noether’s theorem can be formulated as follows.

Theorem 7.1. If the operator (7.2) is admitted by Eqgs. (7.8) and satisfies the condition
(7.9) of the invariance of the variational integral, then the vector (7.12) constructed by
Egs. (7.12) satisfies the conservation law (7.11).
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Remark 7.1. The identity (7.1) is valid also in the case when the coefficiehtg® of

the operatorX involve not only thdocal variablesz, u, u1, u), - . . but alsononlocal
variables(see Section 11.5). Accordingly, the formula (7.12) associates conserved
vectors withnonlocal symmetrieas well.

Remark 7.2. If the invariance condition (7.9) is replaced by the divergence condition
X (L) + Di(€")L = Dy(BY),

then the identity (7.1) leads to the conservation law (7.11) where the conserved vector
(7.10) is replaced with

C'=N(L)- B, i=1,...,n. (7.13)
Remark 7.3. If we write the operator (7.2) in the equivalent form
0«0 a0 . 0

then the prolongation formulae (7.7) become simpler:

¢ = Dy(W®), (% =Dy Diy(W®), ... . (7.15)

1112

7.2 Test for total derivative and for for divergence

| recall here the well-known necessary and sufficient condition for a differential func-
tion to be divergence, or total derivative in the case of one independent variable.

One can easily derive from the definition (1.1) of the total differentiafigrthe
following lemmas (see also [4], Section 8.4.1).

Lemma 7.1. The following infinite series of equations hold:

0 0
- Di=Di
ou® ou®
0 0 0
Di—D,=D; — + D;D;—,
J 8u§‘ ou + Jau?
0 0 0
DiDy~—D; = DiDy, —— + D;D; D) —— ,
ouy, ous, duy,

Lemma 7.2. The following operator identity holds for eveiyanda :

— D=
du®
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Proof. Using Lemma 7.1 and manipulatinng with summation indices we obtain:

iDi:<i—D 0 + D;Dj—— O _ p.up2 +-~->Di

ou® ou® / ous ouy, ! Ouy,
0 0 0 0 0
=—D,—D; — — D;,Dj— + D,D D;D;D
u u Su T g T “Bus,
— D;Dy.D; 0 - =0.
ous,
Proposition 7.1. A differential functionf (z, u, u(, . .., ws) ) € Alis divergence,
f=D;h"), hi(z,u,... JU(s—1)) € A, (7.16)
if and only if the following equations hold identically in ., v
ﬁ:O, a=1,....,m. (7.17)
ou®

The statement that (7.16) implies (7.17) follows immediately from Lemma 7.2. For
the proof of the inverse statement that (7.17) implies (7.16), see [26], Chajgtdrs,
and [24]. See also [4], Section 8.4.1.

We will use Proposition 7.1 also in the particular case of one independent variable
x and one dependent variahle= y. Then it is formulated as follows.

Proposition 7.2. A differential functionf(x,y,%/,...,y®) € A is the total deriva-
tive,

f=Du9), gz, ...y" ") €A, (7.18)
if and only if the following equation holds identically in y, v/, ... :
of =0. (7.19)
oy
Hered f /dy is the Euler-Lagrange operator (7.6):
0 _ 9 DQJFD28 _pr? e (7.20)

5y (‘3y oy’ oy oy

7.3 Adjoint equation to linear ODE
Let us consider an arbitrapth-order linear ordinary differential operator
LIy = aoy™ + ary® ™V + - + ag 2y + as_1y + asy, (7.21)

wherea; = a;(z). We know from Section 1.5 that the adjoint operator to (7.21) can be
calculated by using Eq. (1.8). | give here the independent proof based on the operator
identity (7.1).
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Proposition 7.3. The adjoint operator to (7.21) can be calculated by the formula

Lrpsg = SELD) 7.2
oy
Proof. Let 5 5 5
X=w-—+vw—-—+u" + .- (7.23)

dy oy’ oy

be the operator (7.14) with one independent variabknd one dependent variable
u = y, where the prolongation formulae (7.15) are written using the notation

w' = D,(w), w”=Diw),.... (7.24)

In this notation the operator (7.5) is written

Having in mind its application to the differential functiay| given by (7.21) we
consider the following restricted form of :

4] o
N = 1w — / (s=1) . 7.25
Wt g n ek uwt T et (7.25)
The identity (7.1) has the form
)
X =w—+D,N. (7.26)
oy

We act by both sides of this identity arl.[y], wherez is a new dependent variable:

d(=Ly])
oy

X(zL[y]) = w + D,N(zL[y]) . (7.27)

Since the operator (7.23) does not act on the variabksdz, we have
X(zL[y]) = 2X(L[y]). (7.28)

Furthermore we note that
X(L[y)) = Lw]. (7.29)
Inserting (7.28) and (7.29) in Eq. (7.27) we obtain

d(=Lyl)
oy

zL[w] —w =D,(V), (7.30)
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whereV is a quadratic forml = U[w, z] defined by
U = N(zL[y]). (7.31)
After replacingw with y Eq. (7.30) coincides with Eq. (1.3) for the adjoint operator,
2Lyl = yL*[z] = Da(4), (7.32)
whereL*[z] is given by the formula (7.22) and = o[y, z] is defined by
Yly. 2] = Ulw.2]|,_ = NL[)|,_,- (7.33)

Remark 7.4. Let us find the explicit formula fop in Eq. (7.32) We write the operator
N given by Eq. (7.25) in the expanded form

N:w{i_D i+...+<_Dx)5—1i:|

ay/ x ay// ay(s)
0 0 0
! —Dy— + - - —D,) 2—
+w |:ay// ay/// + + ( ) 0y(s):| +
0 0 )
(s—2) _ (s—1) _~
T {ay(sn D ay<s>] L YO

act onzL[y| written in the form
2L[y] = asyz + as_ 1Yz + a2y’ 2 + - + a1y V2 + agyPz,
and obtain¥. We replacev with y in ¥ = W[w, z] andy = ¢ [y, 2] :

Yy, z] =y [as_l 22— (as_22) + -+ (=1 (ag z)(s_l)}
+ y, [as—Q = (as 37 ), (—1)5_2((10 Z)(S_Q)} +e (734)
+y P a1 2 = (a0 2)'] + y(s Y ag 2.
The expression (7.34) is obtained in the classical literature using integration by
parts (see, e.g. [27], Chapter$8, Eq. (31)).

7.4 Conservation laws and integrating factors for linear ODEs

Consider arsth-order homogeneous linear ordinary differential equation
Lly] =0, (7.35)

whereL[y] is the operator defined by Eq. (7.21).0fy] is a total derivative,
Lyl = Do (¥(z, 9,9/, .,y*Y)), (7.36)
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Eq. (7.35) is written as a conservation law

DZ‘ (¢<x7 y? y’? ttt 7y(s_1))) = 07

whence upon integration one obtains a linear equation of grder :

¢(x7y7y/7'-'7y(8_1)) - Cl- (737)
We can also reduce the order of the non-homogeneous equation
Lly] = f(x) (7.38)

by rewriting it in the the conservation form

D, |U(x,y, 9, ... ,y(s_l)) - /f(x)dx} =0. (7.39)

Integrating it once we obtain the non-homogeneous linear equation of ordér:

d(w,y,ys .y =G+ /f(fv)dfﬁ-
Example 7.1. Consider the second-order equation
y" 4y sinz + ycosx = 0.

We have
y'+y' sinx +ycosx = D, (y +ysinz).

Therefore the second-order equation in question reduces to the first-order equation
y +ysinz = C.
Integrating the latter equation we obtain the general solution

y — |:C2 +Cl/eCOSI dx} ecosx

to our second-order equation. Dealing likewise with the non-homogeneous equation
y' + vy sinx +ycosx = 2z

we obtain its general solution

y = |:CQ+/(01+1’2) efcosmdx ecos:p'
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If L[y] in Eq. (7.35) is not a total derivative, one can find an appropriate factor
o(x) # 0, called anintegrating factor such thats(x) L[y becomes a total derivative:

¢(z)Lly] = Dy (Y(z, 9,9/, ...,y"" V). (7.40)

A connection between integrating factors and the adjoint equations for linear equations
is well known in the classical literature (see, e.g. [27], Chaptédh,Proposition 7.2
gives a simple way to establish this connection and prove the following statement.

Proposition 7.4. A function ¢(z) is an integrating factor for Eq. (7.35) if and only if
2= ¢(x), o(x) A0, (7.41)
is a solution of the adjoint equatidrto Eq. (7.35):
L*[z] = 0. (7.42)

Knowledge of a solution (7.41) to the adjoint equation (7.42) allows to reduce the order
of Eq. (7.35) by integrating Eq. (7.40):

w(mayﬂ/a"'ay(Sil)) = Cl' (743)
Here( is an arbitrary constants anddefined according to Egs. (7.31)-(7.32), i.e.
¥ =NGLy)I,_,- (7.44)

Proof. If (7.41) is a solution of the adjoint equation (7.42), we substitute it in EQ.
(7.32) and arrive at Eq. (7.40). Hengéx) is an integrating factor for Eq. (7.35).
Conversely, ifp(x) is an integrating factor for Eq. (7.35), then Eq. (7.40) is satisfied.
Now Proposition 7.2 yields

Hence (7.41) is a solution of the adjoint equation (7.42). Finally, Eq. (7.44) follows
from (7.32).

Example 7.2. Let us apply the above approach to the first-order equation
y' + P(x)y = Q(a). (7.45)
HereL[y] = v + P(x)y. The adjoint equation (7.42) is written

2 — P(x)z = 0.

SThis statement is applicable to nonlinear ODEs as well, see [28].
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Solving it we obtain the integrating factor

Therefore we rewrite Eq. (7.45) in the equivalent form

R R
[y + P(x)yle PO = Q(z)e P, (7.46)

and compute the functio#r given by Eq. (7.31):

R
O [/ + Play)] = wz = we 7O

V= NLly)) = wg

Eq. (7.44) yields R
W =ye P, (7.47)

Now we can take (7.46) instead of Eq. (7.38) and write it in the form (7.39) with
given by (7.47). Then we obtain

R R
D, |:ye P(z)dx —/Q(m)e P(x)dxdx:| =0,

whence ; .
ye P(z)dz :Cl—f—/Q(l')e P(I)dxdx.

Solving the latter equation for we obtain the general solution of Eq. (7.45):

R R
y = {Cl + / Q(x)e P@)dfdx] e” Pl (7.48)
Example 7.3. Let us consider the second-order homogeneous equation
sin x cosx sinx
vas. y,+< S )yzo_ (7.49)

Its left-hand side does not satisfy the total derivative condition (7.19) because

o ,,+sinx n cosr sinw _sinzx
oy J 2z 7 x? 2 )Y T e

Therefore we will apply Proposition 7.4. The adjoint equation to Eq. (7.49) is written

sinx sinx
2 — 2+ z=0.

2 3

We take its obvious solution = x, substitute it in Eq. (7.31) and using (7.33) find

T =N [xy"—i— sinxy,+ (COSI B sinx) y] _ sinxw -
T

x 2 T
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Therefore Eq. (7.43) is written
zy + (812x - 1) y = C.

Integrating this first-order linear equation we obtain the general solution of Eq. (7.49):

1 R sin R sin x
y = <02+01/—2e ﬂdmdm) ze~ a2 % (7.50)
X

7.5 Application of the operator identity to linear PDEs

Using the operator identity (7.1) one can easily extend the equations (7.32)-(7.33) for
linear ODEs to linear partial differential equations and systems. Let us consider the
second-order linear operator

Lu] = a"(z)u;; + b'(x)u; + c(z)u (7.51)
considered in Section 1.5, Remark 1.1. The adjoint operator is

S(vF[u])
ou
Let us take the operator identity (7.1),

L*[v] = D;D;(a"v) — D;(b'v) + cv. (7.52)

X=W— 0 + D;N', (7.53)
ou
whereX is the operator (7.14) with one dependent variable
0 0 0
X = —
W@u +Wa +Wwau”
andN’ are the operators (7.5),
, o 4] 0 0 0
N* = — — D, —
Lo 5 +VVJ ou Uy 4 =W |:8U7, ]8Uij:| + W] 8U”

We use above the notatid®; = D;(WW), W,;; = D;D;(W). Now we proceed as in

Section 7.3. Namely, we act ar.[u] by both sides of the identity (7.53),

d(vLu))
ou

take into account that does not act on the variable§ v, and thatX (L[u]) = L[],
use Eg. (7.52) and obtain:

X(vL[u]) =W + DiN'(vL[u]),

vL[W]) — W L*[v] = D;N'(vL[u]).
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Letting herelV = u we arrive at the following generalization of the equation (7.32):
vL[u] — uL*[v] = D;(¢¥"), (7.54)
wherey are defined as in (7.33)-(7.34):
' =N'(vL[u))|,,_, = a?(z)[vu; —uv;] + [’ (x) — D;(a” (2))]uv. (7.55)

7.6 Application of the operator identity to nonlinear equations
Let us apply the constructions of Section 7.5 to nonlinear equations (1.6),

Fa(x,u,u(l),...,u(s)) =0, a=1,...,m. (7.56)
We write the operator (7.14) in the form

9] 5, 9]
X =we" pwe e
Jus dug Wy dug; T

whereWy = D;(We), Wi = D;D;(W?),... . Then the operator (7.5) is written
‘ J J
N = W + W

T oud oug

R

We act onv” F; by both sides of the operator identity (7.1)

X=we 4 DN

ou®
denote byF[v] the adjoint operator defined by Eq. (1.8) and obtain
VP Fg[W] — WeE*[v] = D;(0), (7.57)
where
Ut = N'(v7 F)
andﬁﬁ [W1]is thelinear approximatiorto F3 defined by (see also Section 1.3)
Fp[W] = X(Fp) = Wagfj + magij + ngig T

Remark 7.5. Eq. (7.57) shows thak[v] = F;[W], i.e. the adjoint operataF: to
nonlinearEgs. (7.56) is the usual adjoint operafoy to thelinear operatorF;[1V'] (see
also [29]). But thdinear self-adjointnessf Fﬂ[W] is not identical with thenonlinear
self-adjointnes®f Eqs. (7.56). For example, the KdV equatibh= u; — s —

uu, = 0 is nonlinearly self-adjoint (see Example 1.2 in Section 1.6). But its linear
approximationﬁ[W] = Wy — Wawe — uW, — Wu, is not a self-adjoint linear operator.
Moreover,all linear equations are nonlinearly self-adjoint
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8 Conservation laws: Generalities and explicit formula

8.1 Preliminaries

Let us consider a system of differential equations

F5 (x,u,u(l),...,u(s)) =0, a=1,...,m, (8.1)
with m dependent variables, . .., 4™ andn independent variables, . . ., 2™.
A conservation law for Egs. (8.1) is written
[Di(C)] 4y = 0. (8.2)

The subscripts 1) means that the left-hand side of (8.2) is restricted on the solutions
of Egs. (8.1). In practical calculations this restriction can be achieved by solving Egs.
(8.1) with respect to certain derivativeswand eliminating these derivatives from the
left-hand side of (8.2). For example, if (8.1) is an evolution equation

Uy = (I)(ta T, U, Ug, uzx)a

the restriction|s.1) can be understood as the eliminationwgf The n-dimensional
vector
C= (.. ..,Cc" (8.3)

satisfying Eq. (8.2) is called@onserved vectdor the system (8.1). If its components
are functionC" = C"(x, u,u(), . ..) of z,u and derivativesy ), . . . of a finite order,
the conserved vector (8.3) is calletbaal conserved vector.

Since the conservation equation (8.2) is linear with respe€t tany linear com-
bination with constant coefficients of a finite humber of conserved vectors is again a
conserved vector. It is obvious that if the divergence of a vector (8.3) vanishes identi-
cally, it is a conserved vector for any system of differential equations. Thitrigial
conserved vectors for all differential equations. Another typeieifal conserved vec-
tors for Egs. (8.1) are provided by those vectors whose compori¢nianish on the
solutions of the system (8.1). One ignores both types of trivial conserved vectors. In
other words, conserved vectors (8.3) are simplified by considering them up to addition
of these trivial conserved vectors.

The following less trivial operation with conserved vectors is particularly useful in
practice. Let N

O gqy = C' + Do(H?) + -+ Dy(H") (8.4)

the conserved vector (8.3) can be replaced with the equivalent conserved vector
C=(C",C?...,C") =0 (8.5)
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with the components

C', C*=C?4+Dy(H?, ..., C"=C"+Dy(H"). (8.6)

The passage from (8.3) to the vector (8.5) is based on the commutativity of the total
differentiations. Namely, we have

D1 Dy(H?) = DyD,(H?), DD,(H") = D,D,(H"),

and therefore the conservation equation (8.2) for the vector (8.3) is equivalent to the
conservation equation

[Dz(él)} =0

(8.1)

for the vector (8.5). If2 > 3, the simplification (8.6) of the conserved vector can be
iterated: ifC? contains the terms

Dy(H®) + -+ + D, (H")
one can subtract them fro6® and add ta’3, . .., C™ the corresponding terms
Do(H?), ..., Dy(H™).
Note that the conservation law (8.2) for Egs. (8.1) can be written in the form
Di(C") = pF5(z, u,uqy, . . ., ugs)) (8.7)

with undetermined coefficientg:® = u*(x,u, up),...) depending on a finite num-
ber of variables, u, u(), ... . If C* depend on higher-order derivatives, Eq. (8.7) is
replaced with
Di(C") = p®Fs + Mi&Di(Fa) + /Lij&DiDj (F@) +e (8.8)
It is manifest from Eq. (8.7) or Eq. (8.8) that the total differentiations of a con-
served vector (8.3) provide again conserved vectors. Therefore, e.g. the vector
Di(C) = (D1(C),..., Di(C™)) (8.9)

obtained from a known vector (8.3) is not considered as a new conserved vector.
If one of the independent variables is time, exq). = ¢, then the conservation
equation (8.2) is often written, using the divergence theorem, in the integral form

d

— Cldx? - da" = 0. (8.10)
dt JrR!

But the differential form (8.2) of conservation laws carries, in general, more infor-
mation than the integral form (8.10). Using the integral form (8.10) one may even
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lose some nontrivial conservation laws. As an example, consider the two-dimensional
Boussinesq equations

Awt — 9Pz — fvz = %A% - ¢zwa )
Ut + f¢z = %Uz - wzvx ) (811)

N2
pr+ 7 ww = %ﬂz - 1/1sz

used in geophysical fluid dynamics for investigating uniformly stratified incompress-
ible fluid flows in the ocean. Hera is the two-dimensional Laplacian,

02 02
A=z T o2

andy is the stream function so that thez- components:, w of the velocity(u, v, w)
of the fluid are given by

Egs. (8.11) involve the physical constangss the gravitational acceleratioif,is the
Coriolis parameter, and¥ is responsible for the density stratification of the fluid. Each
equation of the system (8.11) has the conservation form (8.2), namely
Dt(Aw> + D:v(_gp + szw) + Dz(_fv - Q/Jwa) = O,
Dy(v) + Dy(vd.) + Do(f — viby) = 0, (8.13)
N2

In the integral form (8.10) these conservation laws are written

d
—_— p—
0 //Awdxdz 0,

d
- = 14
o //vdxdz 0, (8.14)

d
E//pdxdz:o.

We can rewrite the differential conservation equations (8.13) in an equivalent form by
using the operations (8.4)-(8.6) of the conserved vectors. Namely, let us apply these
operations to the first equation (8.13), i.e. to the conserved vector

Cl=Ay, C=—gp+ .0, C°=—fv— A (8.15)
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Noting that
Cl = Dw(%ﬂ) + DZ(wz)‘

and using the operations (8.4)-(8.6) we transform the vector (8.15) to the form
C'=0, C?=—gp+the+ 0.A0, C°=—fv+ 1, — b AV. (8.16)

The integral conservation equation (8.10) for the vector for (8.16) is triviak 0.

Thus, after the transformation of the conserved vector (8.15) to the equivalent form
(8.16) we have lost the first integral conservation law in (8.14). But it does not mean
that the conserved vector (8.16) has no physical significance. Indeed, if write the differ-
ential conservation equation with the vector (8.16), we again obtain the first equation
of the system (8.11):

Dx(62> + Dz<63) = Aqu)t — 9Pz — fvz - ¢:vA¢z + ¢zwa .

Let us assume that Egs. (8.1) have a nontrivial local conserved vector satisfying
Eq. (8.7). Then not aj,” vanish simultaneously due to non-triviality of the conserved
vector. Furthermore, sinquFB depends o, u and a finite number of derivatives
u(1), U2), - - - (.. it is adifferential function and has a divergence form, the following
equations hold (for a detailed discussion see [4], Section 8.4.1):

S o
5o [MﬂFB(x,u,u(l), e ,u(s))] =0, a=1,...,m. (8.17)

Note that Egs. (8.17) are identical with Eqgs. (3.2) where the differential substitution
(3.9) is made withp® = p®. Hence, the system (8.1) is nonlinearly self-adjoint. |
formulate this simple observation as a theorem since it is useful in applications (see
Section 11).

Theorem 8.1. Any system of differential equations (8.1) having a nontrivial local con-
served vector satisfying Eq. (8.7) is nonlinearly self-adjoint.

8.2 Explicit formula for conserved vectors

Using Definition 3.1 of nonlinear self-adjointness and the theorem on conservation
laws proved in [3] by using the operator identity (7.1), we obtain the explicit formula
for constructing conservation laws associated with symmetries of any nonlinearly self-
adjoint system of equations. The method is applicable independently on the number
of equations in the system and the number of dependent variables. The result is as
follows.

Theorem 8.2. Let the system of differential equations (8.1) be nonlinearly self-adjoint.
Specifically, let the adjoint system (3.2) to (8.1) be satisfied for all solutions of Egs.
(8.1) upon a substitution (3.3),

vt =% (z,u), a=1,...,m. (8.18)
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Then any Lie point, contact or Lied&klund symmetry

. 0 0
X=¢ )= —
5 ({E, U, U(1), )8$Z oue’

as well as a nonlocal symmetry of Eqs. (8.1) leads to a conservation law (8.2) con-
structed by the following formula:

+n*(x, u, uqy, .. .) (8.19)

i i o | OC oL oL
C'=¢L+W laug_D](au%>+D]Dk<au%k>_'" (8.20)
oL oL oL
D; (W« - D . D;D @ —
R R O R R et
where
W =n* — fju? (8.21)
and/. is theformal Lagrangiarnfor the system (8.1),
L=1vF; (8.22)

In (8.20) the formal Lagrangiaf should be written in the symmetric form with respect
to all mixed derivatives:s;, ug;,,... and the “non-physical variables™ should be
eliminated via Eqgs. (8.18).

One can omit in (8.20) the tergi£ when it is convenient. This term provides a
trivial conserved vector mentioned in Section 8.1 becalsanishes on the solutions
of Eqgs. (8.1). Thus, the conserved vector (8.20) can be taken in the following form:

; o | OC oL oL
c'=w 8_u? - D; <8TZO‘]> + D;Dy (au—%k) - ] (8.23)
o | OC oL a | 0L
+Dj(W)[au%—Dk<au%k>+... +DjDk(W)[au%k—...].

Remark 8.1. One can use Egs. (8.23) for constructing conserved vectors even if the
system (8.1) is not self-adjoint, in particular, if one cannot find explicit formulae (8.18)

or (3.9) for point or differential substitutions, respectively. The resulting conserved
vectors will benonlocalin the sense that they involve the variablesonnected with

the physical variables via differential equations, namely, adjoint equations to (8.1).

Remark 8.2. Theorem 8.2, unlike Nother’s theorem 7.1, does not require additional
restrictions such as the invariance condition (7.9) or the divergence condition men-
tioned in Remark 7.2.
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9 A nonlinearly self-adjoint irrigation system

Let us apply Theorem 8.2 to Eq. (6.1) satisfying the condition (6.3):
CW)he = [K(P)ul, + [K () (¢ = )], = S(), (9.1)
S'(1h) = aC(¥), a = const. (9.2)
The formal Lagrangian (8.22) for Eq. (9.1) has the form
L= [-CW) + K()(Yor + ) + K' () (07 + 42 —1b2) = S(¥)]v. (9.3)
We will use the substitution (6.5) of the particular form
v =e" (9.4)
Denotingt = 2!, x = 22, z = 2 we write the conservation equation (8.2) in the form
Dy(C") + D,(C?) + D.(C%) = 0. (9.5)

This equation should be satisfied on the solutions of Eq. (9.1).
The formal Lagrangian (9.3) does not contain derivatives of order higher than two.
Therefore in our case Eqs. (8.23) take the simple form

. oL oL oL
c'=w {a—wz —D; (Wwﬂ + D;(W) D (9.6)
and yield:
oL
ct=w_—,
Oy
oL oL oL
2 e J—
c=w laz/zx b (a%)] W)
oL oL oL
3 _ _ :
c=w [awz b (awzz)} -5
Substituting here the expression (9.3) fbwe obtain
C' = —WC (),

C? = W2K'(¥)vip,, — Do (K (¥)v)] + D, (W)K (¥)v,
C® = W[K'()o(2¢, — 1) = D.(K(¢)v)] + D.(W)K (¢)v,
wherev should be eliminated by means of the substitution (9.4). So, we have:
Ch = —WC(¥)e”,
C? = [WK'({)he + Do (W) K ()], (9.7)
C% = [WK'()(¢: — 1) + Do(W)EK (¥)]e™.
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Since Eqg. (9.1) does not explicitly involve the independent variables:, it is
invariant under the translations of these variables. Let us construct the conserved vector

(9.7) corresponding to the time translation group with the generator
0]

X = 5 (9.8)

For this operator Eq. (8.21) yields
W= - (9.9)
Substituting (9.9) in Egs. (9.7) we obtain
Cl — C(¢)¢teat7
C? = —[K' ()it + K () ¢Pra]e™, (9.10)
CF = —[K' ()t (¢ — 1) + K (¢)thi:]e™.
Now we replace irC"! the termC'(x))1); by the right-hand side of Eq. (9.1) to obtain:

Ct = —S(@)e + Dy (K ()se™) + Ds (K(1)(w: — 1)e™).
When we substitute this expression in the conservation equation (9.5), we can write

Dy (D, (K (¢)¢.e™)) = D, (Dy (K (¥)¢e™)) .
Therefore we can transfer the ters(...) and D,(...) from C* to C? andC?, re-
spectively (see (8.6)). Thus, we rewrite the vector (9.10), changing its sign, as follows:
C' = S(¥)e™,
02 = [K'(¢)¢t¢m + K<w>wtm]eat - Dt (K<w>wxeat) )
C% = [K'(0)u(vh: = 1) + K(§):]e — Dy (K (¢)(3. — 1)e”) .
Working out the differentiatiorD; in the last terms o2 andC? we finally arrive at
the following vector:
Ct = S(¢)e”,
C? = akK (Y)iee, (9.11)
C% = aK (¢) (¢, — 1)e™.
The reckoning shows that the vector (9.11) satisfies the conservation equation (9.5)
due to the condition (9.2). Note that is thedensityof the conserved vector (9.11).
The use of the general substitution (6.5) instead of its particular case (9.4) leads to
the conserved vector with the density
C' = S(¢)(bx + 1)e™.

This approach opens a new possibility to find a variety of conservation laws for the
irrigation model (6.1) by considering other self-adjoint cases of the model and using
the extensions of symmetry Lie algebras (see [14], vol. 2, Section 9.8).
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10 Utilization of differential substitutions

10.1 Equationu,, = sinu

We return to Section 3.2 and calculate the conservation laws for Eq. (3.11),
Uy = SiN U, (10.2)
using the differential substitution (3.12),
v = Ay[zu, — yuy| + Asu, + Asuy, (10.2)

and the admitted three-dimensional Lie algebra with the basis

Xi= 2 K= g Xemrmg-ue (10.3)
The conservation equation for Eq. (10.1) will be written in the form
D.(C") + D,(C?) = 0.
We write the formal Lagrangian for Eqg. (10.1) in the symmetric form
L= <% Ugy + %uw — sin u) v. (10.4)
Egs. (8.23) yield:
C! = %Dy(W)v - %va, C? = %Dw(W)v - %va. (10.5)

where we have to eliminate the variabl@ia the differential substitution (10.2).
Substituting in (10.5 = —u, corresponding to the operatdf; from (10.3),
replacingv with (10.2) andu,, with sinu, then transferring the terms of the form

D,(...) from C" to C*? (see the simplification (8.6)) we obtain:

1
C' = Ajcosu, C?= §A1ufc.

We let A; = 1 and conclude that the application of Theorem 8.2 to the symmiétry
yields the conserved vector

1
Ct'=cosu, C?= §ui (10.6)
The similar calculations with the operat&k from (10.3) lead to the conserved vector
1
C! = §u§, C? = cos u. (10.7)
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The third symmetryX; from (10.3), does not lead to a new conserved vector. Indeed,
in this caséV = yu, — zu,. Substituting it in the first formula (10.5) we obtain after
simple calculations

ol — %Agui — Ay cosu + D, {(AQy + Azx) (%uxuy -+ cos uﬂ )
Hence, upon transferring the terfy,(...) from C* to C? the resultingC* will be a
linear combination with constant coefficients of the componéttsf the conserved
vectors (10.6) and (10.7). The same will be trued8r Therefore the conserved vector
provided by the symmetrx; will be a linear combination with constant coefficients
of the conserved vectors (10.6) and (10.7).

One can also use the Noether theorem because Eqg. (10.1) has the classical La-
grangian, namely

1
L= — 5 Uslly + cos u. (10.8)

Then the symmetrie&¥’; and X, provide again the conserved vectors (10.6) and (10.7),
respectively. But now we obtain one more conserved vector usingamely
L 9

C'I:xcosu—guz, 02:§um—ycosu. (10.9)

10.2 Short pulse equation

The differential equation (up to notation and appropriate scaling the physical variables)

DD, (u) = u + é D2 (u?) (10.10)
was suggested in [30] (see there Eq. (11), also [31]) as a mathematical model for the
propagation of ultra-short light pulses in media with nonlinearities, e.g. in silica fibers.
The mathematical model is derived in [30] by considering the propagation of linearly
polarized light in a one-dimensional medium and assuming that the light propagates in
the infrared range. The final step in construction of the model is based on the method
of multiple scales.

Eq. (10.10) is connected with Eq. (10.1) by a non-point transformation which is
constructed in [32] as a chain of differential substitutions (given also in [31] by Egs.
(2)). Using this connection, an exact solitary wave solutiopykse solutiohto Eq.
(10.10) is constructed in [31]. One can also find in [32] a Lax pair and a recursion
operator for Eq. (10.10).

Note that Eqg. (10.10) does not have a conservation form. | will find a conservation
law of Eq. (10.10) thus showing that it can be rewritten in a conservation form. A
significance of this possibility is commonly known and is not discussed here.
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We write theshort pulse equatioiL0.10) in the expanded form

1
U =t 5 Uty + uu’ (10.11)

so that the formal Lagrangian is written
1 2 2
L=v un—u—§u Ugy — UUL | - (10.12)
Substituting (10.12) in (3.2) we obtain the followiagjoint equatiorto Eq. (10.11):

1
Vgt = U + 5 Ul (10.13)

We first demonstrate the following statement.

Proposition 10.1. Eqg. (10.10) is not nonlinearly self-adjoint with a substitution
v=(t,z,u) (10.14)

but it is nonlinearly self-adjoint with the differential substitution

v=up — %uzux. (10.15)

Proof. We write the nonlinear self-adjointness condition (3.5),

1 1
2 2 2
Vat = U = 5 U Vg :/\[um—u—ﬁuum—uux],
(10.14)

substitute here the expression (10.14)f@nd its derivatives

U$J3 = (puul’l‘ + QOU’U‘ui + 2Q0xuu;r + SO.’L‘JH

(10.16)
Vgt = Pulzt T QuulaUt + PrulUs + OrulUs + Pat

and first obtaim\ = ¢,, by comparing the terms with the second-order derivatives of
This reduces the nonlinear self-adjointness condition to the following equation:

1
Puthatly + Pruthy + Pl + Par = @ = 5 U (Puathy + 2prutla + Pra) (10.17)

= —pulu+ uui]

The terms withu, in Eq. (10.17) yieldp,,, = .., = 0. Then we take the term with?
and obtainp, = 0. Hence

v =a(t,x).
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Now Eg. (10.17) gives,, = 0, a,; —a = 0, whencea = 0. Thus

v =0,

I.e. the substitution (10.14) is trivial. This proves the first part of Proposition 10.1. Its
second part is proved by similar calculations with the substitution

v =o(t, T, U, Uy, Uy).

I will not reproduce these rather lengthy calculations, but instead we will verify that
the substitution (10.15) maps any solution of Eq. (10.1) into a solution of the adjoint
equation (10.13). First we calculate

1
Vyp = Ugt — 5 uzum — uui
and see that on the solutions of Eq. (10.1) we have- u. Now we calculate other
derivatives and verify that on the solutions of Eq. (10.1) the following equations hold:

2
Ve = U, UV = Uy — 3 U Ugp — UUGUy, Vgp = Up, Ugyp = Usg. (10.18)

It is easily seen that Eq. (10.13) is satisfied. Namely, using (10.15) and (10.18) we
have:

1 1 1
Vgt — VU — §u2vm = U — (ut — §u2ux> — §u2ux =0.

The maximal Lie algebra of point symmetries of Eq. (10.10) is the three-dimensional
algebra spanned by the operators

0 0 0 0 0

X = — Xy = — X =u— —_— — = 10.19
1S T gy TG T Ty (10.19)
Let us construct the conservation laws

Dy(C") + D,(C?) =0 (10.20)

for the basis operators (10.19).
Since the formal Lagrangian (10.12) does not contain derivatives of order higher
than two, Egs. (8.23) are written (see (9.6))

. oL oL oL
=W [ 2 () |+ 2

In our case we have:

oL oL
1 e —
C'=-WD, ( 6um) + D, (W) . (10.21)
oL oL oL oL oL
2 . _ _ .
Cc=w [ 90 D, (_émzt) D, < E)um)] + Dy(W) D + D, (W) Bu
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Substituting in (10.21) the expression (10.12) fowritten in the symmetric form

1 1 1
L= {5 Uy + 5 Upp — U — 5 Uy, — uui (10.22)
we obtain
L1 1
C" = —§va + 3 vD, (W), (10.23)
) 11, 1 1,
C :—W[uvuw#—ﬁvt—iu Vg +§th(W)—§u vD,(W).

Sincev should be eliminated via the differential substitution (10.15), we further sim-
plify this vector by replacing, with » according to the first equation (10.18) and
obtain:

1 1
) 1 14 1 1,
C*=-W uvux+§z]t—§u ] +§th(W)—§u vD, (W),

wherev andv, should be replaced with their values given in Egs. (10.15), (10.18).
Let us construct the conserved vectors using the symmetries (10.19). Their com-
mutators are
[Xl,Xg] == —Xl, [XQ,Xg] - XQ.

Hence, according to [10], Section 22.4, the operatgrplays a distinguished role.
Namely, the conserved vectors associated W&ithand X, can be obtained from the
conserved vector provided by; using the adjoint actions of the operatdfsand X,
respectively. Therefore we start wilf. Substituting in (10.24) the expression

W =u+ tu, — xuy,

corresponding to the symmet#y;, eliminating the terms of the form,(A) from C*!
and adding them t@? in the form D;(A) according to the simplification (8.6), we
obtain after routine calculations the following conserved vector:

Ct = u?, (10.25)

1 1
C? = vuyuy — u; — ZU4 — Z—lu‘lui.

The conservation equation (10.20) for the vector (10.28) holds in the form

1 1
1 2\ _ 12 -2 2 _
Di(C*) + D,(C?) = 2<ut 5 U um> <u + 5 U laa + uu uxt). (10.26)
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Let us turn now to the operators, and X, from (10.19). To simplify the calcula-
tions it is useful to modify Egs. (10.24) as follows. Noting that

vD, (W) = D (vW) — Wu,
we rewrite the vector (10.23) in the form

Cl = —Wu,,

1 1
C? = —W[uvux ~3 UQUI} +vDy (W) — 3 w*v Dy (W),

Then (10.24) is replaced with

Ct = —uW, (10.27)

1 1
C? = —W[uvum e uﬂ +vDy(W) — 5 w*v D, (W).

Substituting in the first formula (10.27) to expressidh = —u, corresponding the
operatorX; we obtainC' = wu,. This is the time derivative o' from (10.25).
Hence the symmetryX; leads to a trivial conserved vector obtained from the vector
(10.25) by the differentiatiorD;, in accordance with [10]. Likewise, it is manifest
from (10.27) that the operatd¥, leads to a trivial conserved vector obtained from the
conserved vector (10.25) by the differentiatib. Thus we have demonstrated the
following statement.

Proposition 10.2. The Lie point symmetries (10.19) of Eq. (10.11) yield one non-
trivial conserved vector (10.25). Accordingly, the short pulse equation (10.11) can be
written in the following conservation form:

1 1
D, <u2> + D, (ugumut — uf — ZU4 — Zu“ui) = 0. (10.28)

11 Gas dynamics

11.1 Classical symmetries and conservation laws
Let us consider the polytropic gasdynamic equations
1
v+ (v-V)v+—Vp=0,
P

pr+v-Vp+pV-v =0, (11.2)
pe+v-Vp+pV-v =0,
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wherey is a constant known as the polytropic (or adiabatic) exponent. The independent
variables are the time and the space coordinates:

t, x=(a',...,2"), n<3. (11.2)

v="...,v"), p, D (11.3)
Egs. (11.1) with arbitrary have the Lie algebra of point symmetries spanned by

0 0 o .0 o 0
M=o N T T le T e T n T ae

0 ; 0 ;0 ; 0 .
X = = o TV Vg <) (1.4)

0 0 -0 0
— Zi=t— —0'— + 2p— 7 =1,...
R T N - PR

7n7

and the following classical conservation laws:

o pdw =0 — Conservation of mass

Q(t)

d 1 9 [

— _ — ) dw = — .vdS — Ener

o (2 plv| —|—7 1) w /pv v gy
Q(t) S(t)

d

T pvdw = — /pudS — Momentum

Q(t) 5(t)

d

= plx X v)dw = — /p(:z: x v)dS — Angular momentum

Q(t) 5(t)

% p(tv —x)dw = — / tpvdS
Q(t) 5(t)
The conservation laws are written in the integral form by using the standard symbols:
Q(t) - arbitraryn-dimensional volume, moving with fluid,
S(t) - boundary of the volume&(t),
v - unit (outer) normal vector to the surfasét).

If we write the above conservation laws in the general form

d

o Tdw — — /(X'V)d& (11.5)

Q(t) S(t)

Center-of-mass theorem.
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then the differential form of these conservation laws will be

Di(T)+ V- (x +Tv) = 0. (11.6)

11.2 Adjoint equations and self-adjointness whem = 1

Theorem 8.1 from Section 8.1 shows that the system of gasdynamic equations (11.1)
is nonlinearly self-adjoint. Let us illustrate this statement in the one-dimensional case:

1
U+ V0, + Py =0,
p

pr+ vpy + pv, =0, (12.7)
Pt + vpz + ypue = 0.

We write the formal Lagrangian in the form
1
L= U(Ut + Vv, + ;pm> + R(pt + VP + ,0Uz> + P<pt + UPz + ’vax) (118)

and obtain the following adjoint system for the new dependent variébl&s P :

oL
50 =—-U;, —vU, — pR, + (1 —v)Pp, — ypP, =0,
oL 1
—=—-R;—vR,— —Up, =0, (11.9)
op p?
oL 1 1
— = —Pt——Ux—i-—?pr—i-(v—l)va—va =0.
op p p
Let us take, e.g. the conservation of energy from Section 8.1. Then we have
1 p
T—=2, 2+ £ —

and using the differential form (11.6) of the energy conservation we obtain the follow-
ing equation (8.7):
Dy 1pvQ + P + D, 1pv?’ + va (11.10)
2 v—1 2 v—1
1 v? 1
= pv (Ut + v, + ;m) + 5 (oot vps + pra) + ﬁ(pt + UPs + YPVs).

Hence, the adjoint equations (11.9) are satisfied for all solutions of the gasdynamic
equations (11.1) upon the substitution

U=pw, R=—, P=—-. (11.11)
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This conclusion can be easily verified by the direct substitution of (11.11) in the adjoint
system (11.9). Namely, we have:

oL
ov
oL
op (11.11)
oL
op (11.11)

1
= —p(vt + Vv, + —px) —v(pt + vps + pUs),
(11.11) p

1
= —v<vt+vvm + —px),
P

— 0. (11.12)

11.3 Adjoint system to equations (11.1) witm > 2

For gasdynamic equations (11.1) with two and three space variablé® formal
Lagrangian (11.8) is replaced by

1
£:U-(vt—i—(v-V)v—l—;Vp)+R(pt+v-Vp+pV-v)

+ P(py +v-Vp+pV - v), (11.13)
where the vectot/ = (U!, ..., U") and the scalarg, P are new dependent variables.
Using this formal Lagrangian, we obtain the following adjoint system instead of (11.9):

% - U - (0- VU +(U-V)o— (V- 0)U
—pVR+ (1 - )PVp —vpVP =0,
)
—E——Rt—v VR——U Vp =0, (11.14)
op p?
oL

—=-P—-——-(V-U)+—=U - -Vp+ PiV-v)—v-VP=0.
=P (V-U)+ U Vot (3= DP(V )

The nonlinear self-adjointness of the system (11.1) can be demonstrated as in the one-
dimensional case discussed in Section 11.2.

11.4 Application to nonlocal symmetries of the Chaplygin gas

The Chaplygin gas is described by the one-dimensional gasdynamic equations (11.7)
withy = —1:

1
Vg + 00, + —pp =0,
p

Pt + Vpz + puz = 0, (11.15)
Pt + vpy — pvy = 0.
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Egs. (11.15) have the same maximal Lie algebra of Lie point symmetries as EQs.
(11.7) with arbitraryy. This algebra is spanned by the symmetries (11.4) in the one-
dimensional case, namely

9 0 o 9 & 0
Xi=gp Y=g Ko=igitg, Xi=tgtog,
0 0 0 ) o
X =rg Trg =t — Ut 2p— 11.1
5 p8p+p8p’ 6 t&t vav—i— pap ( 6)

But the Chaplygin gas has more symmetries than an arbitrary one-dimensional poly-
tropic gas upon rewriting it in Lagrange’s variables obtained by replaciegdp with
y andgq, respectively, obtained by the followingpnlocal transformation

1
T = /pdx, q= ; (11.17)
Then the system (11.15) becomes
gt — Ur = 07
vy + pr =0, (11.18)
Py — E Vr = 0
q
and admits the 8-dimensional Lie algebra with the basis
0 0 0 0 0
3/1—57 Yz—ay Ye;—%, Yll—ta‘FTE,
0 0 0 0 0 0
vie, 2 9 9 v_,2.,9 .9 11.19
5 T@T+p0p g, Yo Uav+pap+qaq’ ( )
0 q 0 0 0 yq 0
Vi=—+21—, Vo=t —y—— 2 -
! 8p+p8q’ T "o y@p p Oq

Itis shown in [21] that the operatok§, Y from (11.19) lead to the followingonlocal
symmetrie$or Eqgs. (11.15):

0 o p 0
X =—g— — —
[ op pOop’
, (11.20)
t 0 o pt 0
Xs=|—= — it =T+ —
® <2+S>8 o dp p Ip’
wherer, s, o are the followingnonlocal variables
T:/pd{E, s:—/zdx, o=— d_x (11.212)
p p
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They can be equivalently defined by the compatible over-determined systems

Te = P, Tt+v7—x:07
Sy = T , St +wvs, =0, (11.22)
p
1
Oy =——, 0ytvo, =0,
p
or
Tz = 0 Ty = —Up,
Sy = T . S = U—T, (11.23)
p p
1 v
O = ——, Oy = —
p p

Let us verify that the operatox; is admitted by Egs. (11.15). Its first prolongation
is obtained by applying the usual prolongation procedure and eliminating the partial
derivativess, ando; via Eqgs. (11.23). It has the form

0 o pd v, 0 vy O vpy O Py O

X - — — 2 ==z o 2 ez P
"% 9 pdp p ou pou p o pOp
+(&_ﬂ_gt_%)i+(z&_m;w) o (11.24)

p P p /) Op p p*) Ops

The calculation shows that the invariance condition is satisfied in the following form:
1
X7 (v +ove +—p, | =0,
P

1
X7(pe +vpe + pvg) = p (Pt +vpg + pvg) — ]% (pe + vpe — pus),
X7(pe +vpe — pvg) = 0.

One can verify likewise that the invariance test for the operaiprs satisfied in the
following form:

1
X3 (Ut + v, + —px) =0,
p
T pT
Xs(pt + vpz + pvg) = p (pt + vpz + pvg) — z (pt + vpr — P2,

Xs(pr + vpy — pvy) = 0.

The operators7, ..., Y from (11.19) do not add to the operators (11.16) new
symmetries of the system (11.15).
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Thus, the Chaplygin gas described by Egs. (11.15) admits the eight-dimensional
vector space spanned by the operators (11.16) and (11.20). However this vector space
is not a Lie algebra. Namely, the commutators of the dilation generaiQrXs, X¢
from (11.16) with the operators (11.20) are not linear combinations of the opera-
tors (11.16), (11.20) with constants coefficients. The reason is that the operators
X4, X5, Xg are not admitted by the differential equations (11.22) for the nonlocal vari-
ablesr, s, 0. Therefore | will extend the action of the dilation generators.te o so
that the extended operators will be admitted by Egs. (11.22).

Let us take the operator,. We write it in the extended form

X’—ta —I—xa +oza +[38 + 0
% e T % T P0s T Moo

wherea, (3, n are unknown functions of z, v, p, p, 7, s, 0. Then we make the prolon-

gation of X} to the first-order partial derivatives of the nonlocal variables with respect

tot andzx by treatingr, s, o as new dependent variables and obtain

0 0 0 0 0

0 0

+ [Di(a) — Tt]a_Tt + [Da() — 7] o
0 0

+ [Di(B) — St]a—st + [D(8) — Sx](‘)_%
0 0

+ [Di(p) — o] = + [Da(p) — 00 55—+
80t ao—x

Now we require the invariance of Eqgs. (11.22):

XAIL(T:L’ —p) =0, Xz,i(Tt +v7,) =0,

X! (sz + f) =0, X|(si+vs) =0, (11.25)
p

1
X (agc + —> =0, Xi(op+wvo,)=0.
p

As usual, Egs. (11.25) should be satisfied on the solutions of Eqgs. (11.22). Let us
solve the equation&’j(7, — p) =0, Xj(7 + v7,) = 0. They are written

[Da(cr) — Tw](11.22) =0, [Di(a) =7 +v(Dy() — 7'96)](11.22) = 0. (11.26)
Sincer, = D,(«), the first equation in (11.26) is satisfied if we take

a=T
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With this « the second equation in (11.26) is also satisfied becauser, = 0. Now
the first equation in the second line of Egs. (11.25) becomes

{wa) s+l

] — D,(8) — 25, =0
D1a1.22)

and yields

6 = 2s.
The second equation in the second line of Egs. (11.25) is also satisfied with. this
Applying the same approach to the third line of Eqgs. (11.25) we obtain

n=o.

After similar calculations withX5; and X we obtain the following extensions of
the dilation generators:

, ) )

X4 tat—FIEa——FTE—FQSa——FO_%,
R R R B

Xé—zfa v2+2p£+272+232

ot o dp ot ds

The operators (11.20), (11.27) together with the operatorsy,, X3 from (11.16)
span the eight-dimensional Lie algeldrgadmitted by Egs. (11.15) and Egs. (11.22).
The algebra.s has the following commutator table:

X | X | Xs| X)X XD | X | Xs
X, 0 0 [ X2] X1 |0 X1 | 0 | X,
X, | 0 0 |0 X, | 0] O 0 | 0
Xs | X2 0 [ 0] 0 | 0] -X5] 0 | 0
X [ =X, =X, 0] 0 [0 o0 0 | Xg
X[ o 0O 0] 0 |0 0 |—-X/] 0
X, =x;[ 0 [Xs] 0 [0 o© 0 | 2Xs
X, | 0 0 |0 0 |X;] 0 0 | 0
Xs|l-Xs| 0 | 0| -Xs| 0] —2Xs|] 0 | 0
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Let us apply Theorem 8.2 to the nonlocal symmetries (11.20) of the Chaplygin gas.
The formal Lagrangian (11.8) for Eqgs. (11.15) has the form

1
L= U(”t + VU, + ;px> + R(pt + Uy + pU:v) + P(pt + VP — pvx)' (1128)

Accordingly, the adjoint system (11.9) for the Chaplygin gas is written

oL
) 1
op p?

1 1
%E_pt__UﬂL_Qpr_zpvx—va:o.
op P P

Let us proceed as in Section 11.2. Namely, let us first construct solutions to the adjoint
system (11.29) by using the known conservation laws given in Section 8.1. Since the
one-dimensional does not have the conservation of angular momentum, we use the
conservation of mass, energy, momentum and center-of-mass and obtain the respective
differential conservation equations (see the derivation of Eq. (11.10)):

Di(p) + Do(pv) = pt + vps + pua, (11.30)
1
Dy (pv* — p) + Dy(pv + pv*) = 2pv <’Ut + vv, + ;pm>
+ 0% (py + vpy + pg) — (pr + Vpr — PUL), (11.31)

1
Di(pv) + Da(p + pv°) = p(“t + vv, + ;pz)

+ v(p + vz + pUa), (11.32)
Dy(tpv — zp) + D(tp + tpv* — zpv)
1
= tp(vt + vvg + ;px> + (tv — x)(ps + vpz + pvg). (11.33)
Egs. (11.30)- (11.33) give the following solutions to the adjoint equations (11.29):

U =0, R=1, P =0, (11.34)

U=2p, R=1v% P =1, (11.35)

U =p, R =, P =0, (11.36)

U=tp, R=tv—z, P=0. (11.37)

The formal Lagrangian (11.28) contains the derivatives only of the first order.
Therefore Eqs. (8.23) for calculating the conserved vectors take the simple form

oL

Ci — Wa
oug’

i=1,2. (11.38)
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We denote

t:xl, x:xQ, v:ul, p:u2, p:u3.

In this notation conservation equation (8.2) will be written in the form

[Dy(C") + D,(C?)] =0. (11.39)

(11.15)
Writing (11.38) in the form

oL oL oL
Cl=w'Z4+W* = 4+ w3 =,
ovy Opy Opy

oL oL oL
2 _ 1 9% 2 O~ 3
C Wa%—FWang—l—Wapx

and substituting the expression (11.28) fowe obtain the following final expressions
for computing the components of conserved vectors:

C'=UW!'+ RW? + PW3, (11.40)
1
C? = (vU + pR — pP)W' 4+ vRW? + <; U+ vP) w3, (11.41)
where .
We=n"—&u®, a=1,2,3. (11.42)

We will apply Egs. (11.40)-(11.41) to the nonlocal symmetries (11.20). First we
write the expressions (11.42) for the operakgrfrom (11.20):

W= —ov,, W?= g —0pe, W3=—(1+o0p,). (11.43)

Then we substitute (11.43) in (11.40)-(11.41) and obtain four conserved vectors by
replacingU, R, P with each of four different solutions (11.34)-(11.37) of the adjoint
system (11.29). Some of these conserved vectors may be trivial. We select only the
nontrivial ones.

Let us calculate the conserved vector obtained by elimindfirfg, P by using the
solution (11.34)[) =0, R =1, P = 0. In this case (11.40)-(11.41) and (11.43) yield

ct=w?="_yqp, (11.44)
p
C? = pW! +vW? = —opu, + ]/—;v — VP,

We write
—O0Pg = —Dx(O'p) + pog,

12
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replaces, with —1/p according to Egs. (11.22) and obtain
C' = —D,(op).

Therefore application of the operations (8.4)-(8.6) yi@ﬁs: 0 and

C? = —opv, + Po— ovp, — Di(op)
p
i p
= —0PUg +—-v—= OVPy — 0Pt — O¢p
p
= _U(pt +Upg + pvx)

We have replaced; with v /p according to Eqgs. (11.23). The above expressionf?or
vanishes on Egs. (11.15). Hence, the conserved vector (11.44) is trivial.

Utilization of the solutions (11.35) and (11.36) also leads to trivial conserved vec-
tors only. Finally, using the solution (11.37),

U=tp, R=tv—z, P=0,

we obtain, upon simplifying by using the operations (8.4)-(8.6), the following nontriv-
ial conserved vector:
Ct=o0p, C?=opv+t. (11.45)

The conservation equation (11.39) is satisfied in the following form:
Dy(C) + Do (C?) = o (pr + vps + pvg). (11.46)

Note that we can writ€? in (11.45) withoutt since it adds only the trivial con-
served vector with the componertt$ = 0, C? = ¢. Thus, removing in (11.45) and
using the definition ob given in (11.21) we formulate the result.

Proposition 11.1. The nonlocal symmetnX, of the Chaplygin gas gives the follow-
ing nonlocal conserved vector:

cl=—p d—‘”, C?* = —pv dr. (11.47)
p p
Mow we use the operatoX from (11.20). In this case
t2
Wl =t— (5+8) Vg,
2
w2 =" (t— + s> Doy (11.48)
P 2

3 t2
We=—1— 5+s Pz
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Substituting in (11.40)-(11.41) the expressions (11.48) and the solution (11.34) of
the adjoint system, i.e. letting = 0, R = 1, P = 0, we obtain

t2
Cl:szppTT—(g—i_S)px,

UT t2
C? = pW!' +oW? =tp+ p? — (5 + 3) (pve + vpg).

t2 pT t2
B y=—"——D, [ —
(z+)o =5 Goem)

we reduce the above vector to the trivial conserved vector 0, 2 =0.
Taking the solution (11.35) of the adjoint system, i.e. letting

Noting that

U=2p, R=v% P=—1,
we obtain
C' = 200W! +*W? — W?

2 t2
:2tpv—|—p7;) +7— <§+3) Dx(pv2—p),

C? = 3pv* + p)W' +*W?2 +oW?

3
TV
= t(3pv® + p) + P

— T

t?
— (5 + 3) (3pfv2fux + 03 py + pu, + UPg)-

Then, upon rewriting’! in the form

t2
C' =2tpv + 27 — D, [(5 + s> (pv? — p)}
and applying the operations (8.4)-(8.6) we arrive at the following conserved vector:
C'=tpv+71, C*=t(pv*+p). (11.49)

The conservation equation (11.39) is satisfied for (11.49) in the following form:
1
Dy(C") + Do (C?) = tp (vt + v, + ;px) +tu(pr +vpr + pva).  (11.50)

Taking the solution (11.36) of the adjoint system, i.e. letting
U=p, R=v, P=0,
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we obtain
Ct=pW!+oW?  C? =2p0W!' + 0*W? + W3,

Substituting the expressions (11.48) fot', W2, W3 and simplifying as in the previ-
ous case we obtain the conserved vector

Ct=tp, C*=tpv—r. (11.51)
The conservation equation (11.39) is satisfied for (11.49) in the following form:
Dy(CY) + D, (C?) = t(ps + vpx + pva). (11.52)
Finally, we take the solution (11.37)/ = tp, R =tv — x, P = 0, and obtain
C'=tpW! + (tv —2)W?,  C?*(2tpv — xp)W' + (tv? — 20)W? + tW?.

Simplifying as above, we arrive at the conserved vector

t2 t2
Cct = (5—5) p, C*= <§—s> pv — tT. (11.53)
The conservation equation (11.39) is satisfied for (11.49) in the following form:
t2
Dy(CY) + D,(C?) = (5 - s) (pt + vps + pvy). (11.54)

Substituting in the conserved vectors (11.49), (11.51) and (11.53) the definition
(11.21) of the nonlocal variables we formulate the result.

Proposition 11.2. The nonlocal symmetrnXy of the Chaplygin gas gives the follow-
ing nonlocal conserved vectors:

C' =tpv + /,odas, C? = t(pv* + p); (11.55)

Ct = tp, C?* =tpv — /pd:c; (11.56)

oo f3( )l
C? = {§+/%</pdx)dx} pv—t/pdm.

Theorem 11.1. Application of Theorem 8.2 towo nonlocal symmetries (11.20) gives
four nonlocal conservation laws (11.47), (11.55)-(11.57) for the Chaplygin gas (11.15).

(11.57)

75



76 Nail H. Ibragimov

11.5 The operator identity for nonlocal symmetries

Example 11.1. Let us verify that the operator identity (7.1) is satisfied for the nonlocal
symmetryX; of the Chaplygin gas. Specifically, let us check that the coefficients of

L R R R T N R
ov’ 9p’ Op’ Ov Ov,  Op; Op. Op  Ops

(11.58)

in both sides of (7.1) are equal. Using the first prolongation (11.24¥-0&nd the
definition of the nonlocal variable given in Egs. (11.23) we see that the left-hand
side of the identity (7.1) is written

~ 0 o pd vy, O v, O vpy O
Xo DNV - 22 e 7 e © 0 TP T
TH D) =05, o pdp p Ou pOu  p op

€T xT T T 1
+p_i+(&_p_gt_vp)i+(gﬂ__ﬂg> ° 1 s9
p Ops p D p ) Op p  p*) Opr p

Then we use the expressions (11.43)16f for the operatorX;, substitute them in the
definition (7.5) ofN? and obtain in our approximation:

o [p B B
le_ TN - - x| 7 — 1 )
7Y ovy * (p o ) Opy ( v >8pt

) p d 9
N2 =0 —ov,— + [ £ = — 1 =
7 7% 0, * (p pr) Ops (1+ pr)apt

Now the right-hand side of (7.1) is written:

W1% + WQ(% + W?’(sip + D,N' + D,_N?

0 0 0
= —0Ug |:% — Dta_'yt — Dtavx‘|

p 9 2 9 ]
+(P—op, V| L DL — D% 11.60
(p P ) {0,0 "Op; Ops ( )

0 0 0
— 1 2 _p—~ _p -~
(1+0p:) [01? "Opy xﬁpx]

0 p ) 0 6]
+ Dy |—ov,—+|——0ps | =— — (1 +0op) —
[t (G o) g+ oy

0 p 0 0
+ D, [a — avxa—vw + (]; - O'px> oo (1+ apx)a_pt] .
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Making the changes in two last lines of Eqg. (11.60) such as

0 0 0 0 v 0
Dt |:—O”Uxa—vt:| = _O-UJ:Dta_Ut — Dt(O'Ux)a—vt = —O'Utha—Ut — (]—) (M —f— thx) a—vt
one can see that the coefficients of the differentiations (11.58) in (11.59) and (11.60)
coincide. Inspection of the coefficients of the differentiations in higher derivatives
Vi, Uiz, Vs, - - - FEQUIres the higher-order prolongations of the operator

Exercise 11.1.Verify that the operator identity (7.1) is satisfied in the same approxi-
mation as in Example 11.1 for the nonlocal symmetry oper&toirom (11.20).

12 Comparison with the “direct method”

12.1 General discussion

Theorem 8.2 allows to construct conservation laws for equations with known symme-
tries simply by substituting in Egs. (8.23) the expressidrns and £ given by EQs.
(8.21) and (8.21), respectively.

The “direct method” means the determination of the conserved vectors (8.3) by
solving Eq. (8.2) foiC?. Upon restricting the highest order of derivatives:ofivolved
in C, Eq. (8.2) splits into several equations. If one can solve the resulting system, one
obtains the desired conserved vectors. Existence of symmetries is not required.

To the best of my knowledge, the direct method was used for the first time in 1798
by Laplace [33]. He applied the method to Kepler's problem in celestial mechanics
and found a new vector-valued conserved quantity (see [33], Book II, Chap. lll, Egs.
(P)) known as Laplace’s vector.

The application of the direct method to the gasdynamic equations (11.1) allowed
to demonstrate in [34] that all conservation laws involving only the independent and
dependent variables (11.2), (11.3) were provided by the classical conservation laws
(mass, energy, momentum, angular momentum and center-of-mass) given in Section
11.1 and the following two special conservation laws

%/{t(p|v|2+np)—pm.v}dw:—/p(Qtrv_m).de’
a® S(t)

d
pr / {t*(plv|® + np) — px - (2tv — x} dw = — / 2tp (tv — x) - vdS
Q(t) 5(t)

that were found in [35] in the case= (n + 2)/n by using the symmetry ideas.

1
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All local conservation laws for the heat equation- u., = 0 have been found by
the direct method in [36] (see in [14], vol. 1, Section 10.1; see also [37]). Namely it
has been shown by considering the conservation equations of the form

Dy[1(t, 0, Ug, U, - - )]+ De[t0(t, 2,0, gy Usgey .. .)] =0
that all such conservation laws are given by
Dt[@(tv x)u] + Dz[“@x(t 33) - uw‘p(ta 37)] =0,

wherev = ¢(t,x) is an arbitrary solution of the adjoint equation+ v,, = 0 to

the heat equation. Similar result can be obtained by applying Theorem 8.2 for any
linear equation, e.g. for the heat equation— Au = 0 with any number of spatial
variablesr = (z,...,z"). Namely, applying formula (8.23) to the scaling symmetry

X = ud/0u we obtain the conservation law

Difp(t, x)u] +V - [uVep(t, x) = o(t, 2)Vu] = 0,

wherev = (¢, x) is an arbitrary solution of the adjoint equation+ Av = 0 to the
heat equation. This conservation law embraces the conservation laws associated with
all other symmetries of the heat equation.

Various mathematical models for describing the geological process of segregation
and migration of large volumes of molten rock were proposed in the geophysical lit-
erature (see the papers [38], [39], [40], [41], [42] and the references therein). One of
them is known as thgeneralized magma equatiamd has the form

u + D, [u" —u"D, (u’mut)} =0, n,m = const. (12.1)

Itis accepted as a reasonable mathematical model for describing melt migration through
the Earth’s mantle. Several conservation laws for this model have been calculated by
the direct method in [39], [41] and interpreted from symmetry point of view in [42]. It
is shown in [43] that Eq. (12.1) is quasi self-adjoint with the substitution (1.34) given
byv = u!™"™if m +n # 1 andv = In |u| if m +n = 1. These substitutions show
that Eq. (12.1) is strictly self-adjoint (Definition 1.2)+f + n = 0. Using the quasi
self-adjointness, the conservation laws are easily computed in [43].

Some simplification of the direct method was suggested in [29]. Namely, one
writes the conservation equation in the form (8.7),

Dz(cl) = N&F& (.’L’, Uy U(1)y - - - au(s))> (87)

and first finds the undetermined coefficientsby satisfying the integrability condition
of Egs. (8.7), i.e. by solving the equations (see Proposition 7.1 in Section 7.2)

S _
S [,wg(x,u,u(l), o) Fg(x,u, U1y, - - - ,u(s))] =0, a=1,...,m. (12.2)
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Then, for each solutiop® of Egs. (12.2), the component of the corresponding
conserved vector are computed from Eq. (8.7). In simple situatibrean be detected
merely by looking at the right-had side of Eq. (8.7), see further Example 12.1.

Remark 12.1. Note that Eq. (12.2) should be satisfied on the solutions of Egs. (8.1).
Then the left-hand side of (12.2) can be written as

F: (l’, U, U,y ..y Us), U(S)) v=p(T,u,u(), )

with F: defined by Eq. (3.2).
The reader can find a detailed discussion of the direct method in the recent book

[13]. I will compare two methods by considering few examples and exercises.

12.2 Examples and exercises
Example 12.1. (See [13], Sec. 1.3). Let us consider the KdV equation (3.6),

Up = Ugge + UUy, (36)

and write the condition (12.2) for = u(t, z, u). We have:

@ [Iu(t, z, u) (ut — Uggy — Uuz)]

0

o

In accordance with Remark 12.1, we consider this expression on the solutions of the
KdV equation and see that Eq. (12.2) coincides with the adjoint equation (3.7) to (3.6):

Di(p) = D3 () + uDy(p). (12.3)
Its solution is given in Example 3.1 and has the form (3.8),
p= A+ Asu+ As(z +tu), Ay, As, A3 = const.
Thus, we have the following three linearly independent solutions of Eq. (12.3):
pr =1, po=wu, pz=(x+tu).
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and the corresponding three equations (8.7):

Dt(Cl) + D:C(Cz) = Ut — Uggy — Uly, (124)
Dy(CY) + Do (C?) = (w + tu) (s — Upge — Ully). (12.6)

In this simple example the components, C? of the conserved vector can be easily
seen from the right-hand sides of Eqgs. (12.4)-(12.6). In the case of (12.4), (12.5) itis
obvious. Therefore let us consider the right-hand side of Eq. (12.6). We see that

1 1
(x + tu)uy = Dy (xu + §tu2) ~3 u?,

1 1 1
_ :E:_Da: - 2 - 3 ~ 0,2
( + tu)uu (QZ'U +3tu)+2u,

— (2 4 tu)Ugye = — Dy (TUgy + tUUy) + Ugy + TUL ULy,

1
=D, (uz + B tui — TUpy — tuum) .
Hence, the right-hand side of Eq. (12.6) can be written in the divergence form:

( + tu) (U — Upge — Uly)

2 2 3 2
=D, (t%+xu) + D, {ux—kt(%—uum—%) —x(%—l—um)]

The expressions undéd;(---) and D,(---) give C! andC?, respectively, in (12.6).
Note that the corresponding conservation law

w2 2 i 02
D, | t+— D = —— ) = — =0. (12.7
t(t2+xu)—|— x{ux+t<2 Ullgy 3) 35(2—1-%3:)] 0. (12.7)

was derived from the Galilean invariance of the KdV equation (see [10], Section 22.5)
and by the direct method (see [13], Section 1.3.5).

The similar treatment of the right-hand sides of the equations (12.4) and (12.5)
leads to Eq. (3.6) and to the conservation law

2
D, (u*) + D, (ui — Uy, — 3 u3) =0, (12.8)

respectively. Theorem 8.2 associates the conservation law (12.8) with the scaling sym-
metry of the KdV equation.
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Exercise 12.1.Apply the direct method to thehort pulse equatio(i10.11) using the
differential substitution (10.15). In this case Eq. (8.7) is written

1
Dt(Cl) + Dm<02) = UtUgt — 5 U/quuxt

(12.9)
—|(u+ 1 u2um + uu? U + lu?’ux + 1u4uxum + 11L3u3.
2 v 2 4 2 *

Exercise 12.2.Consider the Boussinesq equations (8.11). Taking its formal Lagrangian

L =w[A% — gps — fv. — VoA, + 1D Ad,]
+ p[oe+ fe = ovs + Pova] + 7 [pr+ (N?/9) Yo — Yup + Yapa]
wherew, i, r are new dependent variables, we obtain the adjoint system to Egs. (8.11):
oL _
oY

It is shown in [44] that the system (8.11) is self-adjoint. Namely, the substitution

oL, 0L _

= _ = =0. 12.1

W= 1/)7 == T= _(gz/NQ) p (1211)

maps the adjoint system (12.10) into the system (8.11). Using the self-adjointness,
nontrivial conservation laws were constructed via Theorem 8.2. Apply the direct

method to the system (8.11). Note that knowledge of the substitution (12.11) gives
the following equation Eq. (8.7):

Dy(C") + D4(C?) + D.(C?)

2 N2
_U[Ut+f¢z _@bmvz“f‘@z)zvx] - %P[ﬂt—l—?d)x _@/prz_"d)sz]

Example 12.2. Let us consider the conservation equation (11.46),
Dy(C) + Do (C?) = a(py + vps + pua),

whereo is connected with the velocity and the pressurg of the Chaplygin gas by
Egs. (11.22),

Oy =——, 0¢+vo, =0.
p
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In this example Egs. (12.2) are not satisfied. Indeed, we have
dx
[0(pe +vps + pvs)] = 0pr — Do(op) = —po = p " #0,

v
)
7 [0(pe + vpa + pro)] = 01 — Da(ow) + ove = —(0v +v0y) = 0,
. o(ps+ vps + pu.)] = 0
— |o VP V)| = 0.
5p O\Prtvpetp
Example 12.3. Let us consider the conservation equation (11.50),
1
D,(CY) 4 D,(C?*) =tp (vt + vu, + ;px> + tv(py + v + pog).
Here Egs. (12.2) are not satisfied. Namely, writing
1 2
top | vi + vv, + ;px + tv(pr + vz + pug) = tpvg + 2tpvv, + tp, + tvp, + v p,
we obtain:
6 2
50 [tpvt + 2tpvv, + tp, + tupy + tv pz} = —p,
55 [t,ovt + 2tpvv, + tp, + tvp, + thpx} = —v,
p

)
5o [tpvt + 2tpvv, + tp, + tvpy + tvsz} = 0.
P

Exercise 12.3.Check if Egs. (12.2) are satisfied for the conservation equations (11.52)
and (11.54).
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PART 3
Utilization of conservation laws
for constructing solutions of PDEs

13 General discussion of the method

As mentioned in Section 7.4, one can integrate or reduce the order of linear ordinary
differential equations by rewriting them in a conservation form (7.39). Likewise one
can integrate or reduce the order of a nonlinear ordinary differential equation as well
as a system of ordinary differential equations using their conservation laws. Namely, a
conservation law

D, (@Z)(x, TR ,y(s_l))) =0 (13.1)
for a nonlinear ordinary differential equation
Flz,y,y,...,y®) =0 (13.2)
yields the first integral
O(z,y, ..yt = Oy (13.3)

We will discuss now an extension of this idea to partial differential equations.
Namely, we will apply conservation laws for constructing particular exact solutions
of systems of partial differential equations. Detailed calculations are given in exam-
ples considered in the next sections.

Let us assume that the system (8.1),

Fy (x,u,u(l),...,u(s)) =0, a=1,...,m, (13.4)
has a conservation law (8.2),
=0, (13.5)
with a known conserved vector
c=(C', ...,C", (13.6)

where
C'=C" (x,u,u(l),...), 1=1,...,n.

We write the conservation equation (13.5) in the form (8.7),
D;(CY) = u°F, (x, U, Uy, - - - ,u(s)). (13.7)

For a given conserved vector (13.6) the coefficientsin Eq. (13.7) are known func-
tions p® = p®(z,u, vy, . . .).
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We will construct particular solutions of the system (13.4) by requiring tmat
these solutions the vect@3.6)reduces to the following trivial conserved vector

C = (Cl(xQ,...,x”), cee C’"(xl,...,x"*l)). (13.8)

In other words, we look for particular solutions of the system (13.4) by adding to Egs.
(13.4) thedifferential constraints
! (:z:,u, U1y, - - ) = hl(xz, 3, "),
C? (:c,u, U1y, - - ) = h*(a', 2®, ... 2"),

(13.9)

whereC' (z,u,u(1),...) are the components of the known conserved vector (13.6).
Due to the constraints (13.9), the left-hand side of Eq. (13.7) vanishes identically.
Hence the number of equations in the system (13.4) will be reduced by one.

The differential constraints (13.9) can be equivalently written as follows:

D, [C’l (x,u,u(l), . )} =0,
D, [C’Q (x,u, U1y, - - )} =0,

(13.10)

Remark 13.1. The overdetermined systemmf+ n equations (13.4), (13.10) reduces
tom + n — 1 equations due to the conservation law (13.5).

14 Application to the Chaplygin gas

14.1 Detailed discussion of one case
Let us apply the method to the Chaplygin gas equations (11.15),

1
Uy + 00 + —pp = 0,
p

pr +vpy + pv, =0, (14.1)
Pt + Vpe — pug = 0.

We will construct a particular solution of the system (14.1) using the simplest conser-
vation law (11.30),
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The conservation equation (14.2) is written in the form (13.7) with the following con-
served vector (13.6):

Cl=p, C?=p. (14.3)
The differential constraints (13.9) are written as follows:
p=g(r), pv=nh(t). (14.4)

Thus we look for solutions of the form

h(t)
=g(x), v=—+" (14.5)
p=g(x) 9(2)
The functions (14.5) solve the second equation in (14.1) because the conservation law
(14.2) coincides with the second equation (14.1) (see Remark 13.1). Therefore it re-
mains to substitute (14.5) in the first and third equations of the system (14.1). The
result of this substitution can be solved for the derivatives of

2 ./
Pz = _h/ + hgf )
st H By (14.6)
pe=——5Pt———-
g g g

The compatibility conditiorp,; = p,, of the system (14.6) gives the equation
/2 h// ! 12
<g”—2‘g—>p:gQ——29’h'—h2g—+2h29—2- (14.7)
g h g g
For illustration purposes | will simplify further calculations by considering the partic-
ular case when the coefficient fpiin Eq. (14.6) vanishes:

g/2
g'—27=—=0. (14.8)
g

The solution of Eq. (14.8) is

1
= = ) 14.
g(x) P a,b = const (14.9)

Substituting (14.9) in Eq. (14.7) we obtain

W'+ 2ahk =0, (14.10)

whence
h(t) = ktan(c — akt) (14.11)
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if a # 0, and
h(t)=At+ B (14.12)

if a =0.
If the constant: in (14.9) does not vanish, we substitute (14.9) and (14.11) in Egs.
(14.6), integrate them and obtain

p=k*(ax +b) + Qcos(c — akt), Q = const. (14.13)
In the caser = 0 the similar calculations yield

p=—Ar + gA2t2 + ABbt+Q, @ = const. (14.14)
Thus, using the conservation law (14.2) we have arrived at the solutions
1
pP= m 5
v = k(ax + b) tan(c — akt), (14.15)
p = k*(ax +b) + Q cos(c — akt)
and
1

p= b’
v=">0(At+ B), (14.16)

b
p=—Azx+ §A2t2 + ABbt + Q.

14.2 Differential constraints provided by other conserved vectors

The conservation laws (11.31)-(11.33) give the following differential constraints (13.9):

pv? —p=g(z), pv+pv®=nh(t), (14.17)
pv = g(z), p+ pv® = h(t), (14.18)
tpv —xp = g(x), tp+tpv? —zpv = h(t). (14.19)

The nonlocal conserved vectors (11.49), (11.51) and (11.53) lead to the following
differential constraints (13.9):

tpv+ 1 = g(x), p -+ pv* = h(t), (14.20)

tp = g(z), tpv — 1 = h(t), (14.21)
t? t?

(E - s) p=g(z), (5 - s) pv —tT = h(t). (14.22)

The constraints (14.20) are not essentially different from the constraints (14.18). Itis
manifest if we write them in the form (13.10).
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15 Application to nonlinear equation describing an ir-
rigation system

The method of Section 13 can be used for constructing particular solutions not only of
a system, but of a single partial differential equations as well.
Let us consider the nonlinear equation (6.1),

C() = [K(¢)ihal, + [K() (¢ = D], = S¥), (15.1)
satisfying the nonlinear self-adjointness condition (6.3),
S'(1h) = aC (), a = const. (15.2)
and apply the method of Section 13 to the conserved vector (9.11),
Ct=S(W)e™, C*=aK(¥)e”, C°=aK(®)(v, —1)e". (15.3)
The conditions (13.9) are written:
S(W)e™ = f(x,2), aK()vee” =g(t,2), aK@)(: —1)e" = h(t,z).

These conditions mean that the left-hand sides of the first, second and third equation
do not depend on x and z, respectively. Therefore they can be equivalently written
as the following differential constraints (see Egs. (13.10)):

GS(¢) + S/W)@Dt =0,
[K (V)] =0, (15.4)
[K(¥) (4. — 1)], = 0.

The constraints (15.4) reduce Eq. (15.1) to Eq. (15.2). Hence, the particular solutions
of Eq. (15.1) provided by the conserved vector (15.3) are described by the system

aC(y) = S'(¢) =0,

(15.5)
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PART 4
Approximate self-adjointness and approximate
conservation laws

The methods developed in this paper can be extended to differential equations with
a small parameter in order to construct approximate conservation laws using approx-
imate symmetries. | will illustrate this possibility by examples. The reader interested
in approximate symmetries can find enough material in [14], vol. 3, Chapters 2 and 9.
A brief introduction to the subject can be found also in [45].

16 The van der Pol equation

The van der Pol equation has the form

F=y' +y+e(y”—y)=0, &=-const. #0. (16.1)

16.1 Approximately adjoint equation
We have:
5% {zly +y+e(’—v)]} =2"+2+¢eD, (= — 32¢7).
Thus, the adjoint equation to the van der Pol equation is
Fr=2"+z2+4¢e(2 = 32y? —62¢/y") = 0.

We eliminate herg” by using Eq. (16.1), consideras a small parameter and write
F* in the first order of precision with respect4oln other words, we write

y' =~ —y. (16.2)
Then we obtain the followingpproximately adjoint equatioto Eq. (16.1):

Fr=2"+z2+4¢e(2 =3y +62yy) =0. (16.3)

16.2 Approximate self-adjointness

Let us investigate Eq. (16.1) for approximate self-adjointness. Specifically, | will
call Eg. (16.1)approximately self-adjoinif there exists a non-trivial (not vanishing
identically) approximate substitution

2 f(z,y,y) +eg(x,y,y) (16.4)
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such that” given by Eq. (16.1) and™ defined by Eq. (16.3) approximately satisfy the
condition (3.5) of nonlinear self-adjointness. In other words, the following equation is
satisfied in the first-order of precisiondn

F*

g = A (16.5)

Note, that the unperturbed equatigh+ y = 0 is nonlinearly self-adjoint. Namely
it coincides with the adjoint equatiorf + = = 0 upon the substitution

z=ay+ fPcosx+ysinz, «,F,v = const. (16.6)
Therefore we will consider the substitution (16.4) of the following restricted form:

z = f(x,y) +eg(x,y, ). (16.7)

In differentiatingg(z, v, ') we will use Eq. (16.2) because we make out calculations
in the first order of precision with respect4oThen we obtain:

?'=Dy(f) +eDul9)|,__, = fo + ¥ fy + (92 + ¥ 95 — ygy),
2= D)+ DY) oy = Fon+ 2 foy + 0 f + Y Sy (16.8)
+ &( Gz + 2V Gy — 2990y + Y Gy — 29V Gy + YV Gyy — Y9y — Y Gy

Substituting (16.8) in (16.3) and solving Eqg. (16.5) witk- 0 we see thaf is given
by Eq. (16.6). Them\ = C and the terms witlz in Eq. (16.5) give the following
second-order linear partial differential equation §ér, y, ') :

g+ D29)|,__, = a(4y® —6y*y —2y)
| (16.9)

+ B (sinz — 3y*sinz — 6yy’ cosz) + v (3y* cos z — cosz — byy sinz) .

The standard existence theorem guarantees that Eq. (16.9) has a solution. It is
manifest that the solution does not vanish because( does not satisfy Eq. (16.9).
We conclude that the van der Pol equation (16.1) with a small paramet@pproxi-

mately self-adjoint. The substitution (16.7) satisfying the approximate self-adjointness
condition (16.5) has the form

zr oy + Beosx +ysinx +eg(z,y,y), (16.10)
whereq, 3, « are arbitrary constants angdr, y, y’) solves Eq. (16.9).
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16.3 Exact and approximate symmetries

If ¢ is treated as an arbitrary constant, Eq. (16.1) has only one point symmetry, namely
the one-parameter group of translations of the independent vartalile will write
the generatoX; = J/0z of this group in the form (7.14):

0

X, =y —-
1 3y

(16.11)

If € is a small parameter, then Eq. (16.1) has, along with the exact symmetry (16.11),
the following 7 approximate symmetries ([14], vol. 3, Section 9.1.3.3):

! / a
Xo= {4y —¢[v’y +3wy(y2+y2)]}a—y,

X5 ={8cosz+¢[(4—3y” —9y*) wcosw + 3(zy*) sinz] } %,

0
X, = {8sinz +¢ [(4 - 3y? — 9y*) wsinz — 3(zy?)’ cos 2] 50
Y

X5 = {24y® cos z — 24yy'sinz + €[ (12yy’ + 9y + 9y°y ) sinz

+ (12y* — 9y%y” — 6y*) sinz — (12y° — 9y°y” — 9y )z cos

0
-3 3,/ —
y*y cosz }ay

Xo = {24y’ sinz + 24yy’ cosz — e[ (12yy' + Yy + 99’y )z cos (16.12)

+ (12y° — 9y°y? — 6y"*) cosz + (124 + 9y*y” + 9y* ) sina

0
+ 3y’y’si —,
y°y sin x”@y
X7 = {4y cos 2z — 4y’ sin 2z + € [3(yy* — y*)z cos 2z
0
— 3y°y’ cos 2z + 6y°y'w sin 2z + 2(y — ¢°) sin 2z| }8_ ,
Y

Xs = {4ysin2z + 4y’ cos 2z — € [3(y® — yy”*) w sin 2z

+ 3y*y’ sin 2z + 6y°y'x cos 2z + 2(y — y°) cos 2z ] v

Y

16.4 Approximate conservation laws

We can construct now approximate conserved quantities for the van der Pol equation
using the formula (8.23) and the approximate substitution (16.10). Inserting in (8.23)
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the formal Lagrangian
£:Z [y//+y+€<y/3_y/)]
we obtain
C=W|[-2+¢e(By?z—2)] + W' (16.13)

Let us calculate the conserved quantity (16.13) for the operétagiven by Eq.
(16.11). In this cas&l’ = ¢/, W' =", and therefore (16.13) has the form

C = _ylz/ te (3y/3 _ y/) 2+ y”z.

We eliminate here/” via Eq. (16.1), use the approximate substitution (16.10) and
and obtain (in the first order of precision with respect)the following approximate
conserved quantity:

C=—a(y’+y?) +6(ysinz—ycosz) — 7 (y cosz + ysinz)

(16.14)
+e <2ayy’3 +28y" cosx + 2y sinx — yg — ' D, (g) y,,:7y> )
Differentiating it and using the equations (16.1) and (16.2) we obtain
D.(C) = ¢y [a (49" — 6y*y’ — 2y') + B (sinz — 3y”sinx — 6yy’ cos z)
(16.15)

+7 (3y* cosz — cosz — byy'sinz) — g — D2(g) ] + o(e),

y'=—y

whereo(e) denotes the higher-order termseirirhe equations (16.9) and (16.15) show
that the quantity (16.14) satisfies the approximate conservation law

D,(C)] ~ 0. (16.16)

(16.1) =

Let us consider the operataf, from (16.12). In this case we have
W =4y — e [y*y + 3zy (v +v7)],
(16.17)
W'~ 4y — e [2y° + 5yy”* + 3z (v*y' + )] .
Proceeding as above we obtain the following approximate conserved quantity:

C =4y (Bcosx +ysinz) — dy(ycosx — Fsinx)

+ 5{2ay2 (4y’2 T 2) +4y'g — 4yD,(9)

y'=—y

(16.18)
+ [7yy'2 - 31’9’(?;2 + y’2) - 2y3 — 4y} (B cosx + ysinz)

+ [v*y + 3zy(y® + y*)] (ycosz — Bsin x)}
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The calculation shows that the quantity (16.18) satisfies the approximate conservation
law (16.16) in the following form:

D,(C)=4(Bcosx + ysinx) [y” +y+e (y’3 — y')}

+ 4ey [a (49 — 6y*y' — 2y') + 3 (sinz — 3y”sinz — 6yy’ cos )

+7 (3y’2 cos T — cos x — 6yy’ sin x) —g— D(g) y,,zfy] +o(e). (16.19)

Continuing this procedure, one can construct approximate conservation laws for
the remaining approximate symmetries (16.12).

17 Perturbed KdV equation

Let us consider again the KdV equation (3.6),
Ut = Uggy + Uly, (3.6)
and the following perturbed equation :
F=wu —ugpy —uu, —ecu=0. (17.1)

We will follow the procedure described in Section 16.

17.1 Approximately adjoint equation
Let us write the formal Lagrangian for Eq. (17.1) in the form
L = v [—Up + Upzy + Uty + cu) . (17.2)
Then
Sy = Ut Vaws — D, (uv) + vug + 0 = Uy — Ugyy — UV, + £0.
Hence, the approximately adjoint equation to Eq. (17.1) has the form

F* = v — Uy — uv, + v = 0. (17.3)

17.2 Approximate self-adjointness

As mentioned in Section 3.1, Example 3.1, the KdV equation (3.6) is nonlinearly self-
adjoint with the substitution (3.8),
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Therefore in the case of the perturbed equation (17.1) we look for the substitution
v =0, z,u) + et z,u),
satisfying the nonlinear self-adjointness condition

F*

pgiep = AF (17.4)

in the first-order of precision in, in the following form:
v=A; + Ayu+ Az(x + tu) + ep(t, z, u). (17.5)

When we substitute the expression (17.5) in the definition (17.3)"ofthe terms
without ¢ in Eq. (17.4) disappear by construction of the substitution (3.8) and give
A = Ay + Ast. Then we write Eq. (17.4), rearranging the terms, in the form

+ e[thy — Vppe — uthy + Ay + Asu + As(x + tu)] = —e(Ag + Ast)u. (17.6)

In view Eq. (17.1), the first term in the first line of Eq. (17.6) is writtén,. Hence,
this term vanishes in our approximation. The terms with in the first line of Eq.
(17.6) yield

Yuw =0,  thgu =0,
whence
V= f(t)u+g(t,x).
The third bracket in the first line of Eq. (17.6) vanishes, and Eq. (17.6) becomes

[f'(t) = gu(t, 2)]u + ge(t, 2) — Guwa(t, ) + 2[As + Ast]u + A; + Asz = 0.
After rather simple calculations we solve this equation and obtain
3
gt, ) = Ay — Ajt + (A5 + 245 — Ast)z,  f(t) = Ag + Ast — 3 Ast?.

We conclude that the perturbed KdV equation (17.1) is approximately self-adjoint.
The approximate substitution (17.5) has the following form:

v A+ Asu + As(z + tu) (17.7)

+e |:<A6—|—A5t— 2A3t2> U+A4 —A1t+ (A5 +2A2 —Agt)l’ .
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17.3 Approximate symmetries

Recall that the Lie algebra of point symmetries of the KdV equation (3.6) is spanned
by the following operators:

0 0 0 0
Ni=gp Xe=g K=ig—50 (17.8)
0 0
Xa =3t T g ~ 2,

Following the method for calculating approximate symmetries and using the ter-
minology presented in [14], vol. 3, Chapter 2, we can prove that all symmetries (17.8)
are stable. Namely the perturbed equation (17.1) inherits the symmetries (17.8) of the
KdV equation in the form of the following approximate symmetries:

0 0 0 0 1,0 0
Xl—a, XQ—%, Xg—t&-a-'—&—(it%—t%), (179)
0 0 0 9,0 0 0
17.4 Approximate conservation laws
We can construct now the approximate conservation laws
[De(C") + Do(CH)] 474, = 0 (17.10)

for the perturbed KdV equation (17.1) using its approximate symmetries (17.9), the
general formula (8.23) and the approximate substitution (17.7). Inserting in (8.23) the
formal Lagrangian (17.2) we obtain

Cl' = —Who,

17.11
C? = W [uv + vap] — vo Dp(W) + vD2(W). ( )

| will calculate here the conserved vector (17.11) for the oper&toirom (17.9).
In this case we have

9
W = —2u — 3tu; — xu, +¢ <6tu + 3xr + 5 t2uy + 3t:1:ux) . (17.12)

We further simplify the calculations by taking the particular substitution (17.7) with
A2:1, A1:A3:"':A6:O.Then

v =u-+ 2. (17.13)
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Substituting (17.12), (17.13) in the first component of the vector (16.14) and then
eliminatingu; via Eq. (17.1) we obtain:

9
C' ~ (2u + 3tu; + zu,) (u + 2ex) — €<6tu + 3z + ) t2u + 3ta:ux>u
= 2% + 3tutigy, + tutu, + zun, + € <xu + 6trUye, + Stxuu,
9 9
+ 22%u, — 3tu? — = tPutg, — — t2u2ux>.
2 2
Upon singling out the total derivatives in it is written:

3 3 1 3
O ~ 5 u? — 3¢ (xu + 3 tu2> + D, [5 zu® + tu® — 3 tui + 3tuty, (17.14)

3 3 9 9
+ 5(2x2u + 3 tru® — 3 t?u® — 6tu, + 6truy, + 1 t2u? — 3 t2uum)] .

Then we substitute (17.12), (17.13) in the second component of the vector (16.14),
transfer the ternD,.(. . .) from C' to C?, multiply the resulting vectofC"*, C?) by 2/3
and arrive at the following vector:

Ol = u? — 2 [xu + gtuﬂ , (17.15)

2
C? = ui —3 u? — Uity + € [sz:uz — Uy + 20Uy, + 2t — Btui + 6tuum} .
The approximate conservation law (17.10) for the vector (17.15) is satisfied in the
following form:

[DA(C") + D(C?)],

171 = 2u(Uy — Ugzy — Uy — EW)

— 2e(x + 3tu) (up — Uggy — Uly).
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Abstract. We compute the equivalence Lie algebra for the generalized Kompaneets equation.
It is shown that knowledge of the equivalence algebra and theorem on projections of equiv-
alence generators allows to approximate the Kompaneets equation by an equation having a
wider class of symmetries. Using an additional symmetry of the approximating equation we
construct an exact non-stationary solution as a group invariant solution.

Keywords: Kompaneets equation, Equivalence algebra, Additional symmetry, Invariant solu-
tion.

1 Introduction

The Kompaneets equation [1]

Uy = %Dw [x4(ux —|—u—|—u2)} (1.1)
describes the interaction of a low energy homogeneous photon gas with a low energy
rarefied electron gas via the Compton scattering. It is known also as the photon diffu-
sion equation. The Kompaneets equation admits only the time translation group with
the generator

0
=5
Consequently the only group invariant solution of the Kompaneets equation is the
steady-state solution = w(x). It is shown in [2] that Lie group analysis provides

more invariant solutions for certain approximations of Eq. (1.1).

X1 (1.2)

(© 2010 E.D. Avdonina and N.H. Ibragimov

100



Equivalence algebra of the generalized Kompaneets equation 101

The aim of the present paper is to discuss possibilities provided by the equivalence
group analysis applied to the following generalized Kompaneets equation (see [3],
Section 4.3, Equation (4.10)):

= s Do)+ ()], (L.3)
We will use the equations (1.1) and (1.3) written in the expanded forms
Uy = 2% [Ugy + (1 + 2u)ug] + 42uy + u? + ul (1.4)
and
up = h(x)|uge + f'(w)uy] + 20" (x)[u, + f(u)], (1.5)

respectively.

2 Equivalence group generators

For calculating the equivalence Lie algebra we write Eqg. (1.5) in the form

fe=1:=0, hi=h,=0. (2.2)
The equivalence generators
0 0 0 0 0
y =¢— 2 — 2.3
ot o, T 5 T g 2:3)

are obtained from the invariance condition of Egs. (2.1). The coefficiéraadr of
the operator (2.3) depend on the variables u, whereas the coefficienis* depend
ont,x,u, f,h.

The prolongation of the operator (2.3) to the derivatives,of andh involved in
Egs. (2.1)-(2.2) is written

- 0 o 0 o ,0 0 ) )
_ 1
Y—f—at f—a +77—+,u8f+ +C1 —I—Cz ux+C223um
(2.4)
9,0 28 , 0

1 0 1 90 v v 7
tuigy ey e Heg gyt it eag g

The invariance of the system (2.1)-(2.2) requires that the following equations should
be satisfied on the manifold given by Egs. (2.1)-(2.2):

}7( — Uy + h[um + fuux] + 2h, [ux + f)] =0, (2.5)

Yf,=0, Yf,=0 Yh =0, Yh,=0. (2.6)
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102 Elena D. Avdonina and Nail H. Ibragimov

The coefficients;, (3, (32 of the prolonged operator (2.4) are calculated by the
usual prolongation formulae:

G = Di(n) — uDy(€') — ua Dy(€7),
G = Da(n) — wDy(€") — uy Dy
2(EY) — ue D

, (2.7)
(o2 = D2(n) — w D

In calculatingw$* the independent variables ater,u and the dependent vari-
ables aref andh. We consider in these variables the operators of total differentiations
D, D., D, with respect to the independent variables, ». Taking into account Egs.
(2.2), these operators are written in the form

-9
D = —
t 8ta
~ 8 8
~ 0 0
D, = I + qu'

The coefficientsvy of the prolonged operator (2.4) are given by

WQZDi(Ma)—fSEz‘(U% 1=1,2,0, (29)
Whereﬁl = Et, .52 = EI, 50 = Eu
Let us begin the analysis of the determining equation by investigating Egs. (2.6).
They are written
wi=0, wy=0, wi=0 wl=0. (2.10)

The equations (2.9) and (2.8) give

out on

= Di(u") — qut()—E— T
~ _0,u 8u_ an
=0 e gy

(2.11)
0 o&?
= Dy(p*) — ha Di(€%) = —5; —hx—ai ;
- ~ o 0 0
= Duli?) ~ kD) = B 1.5 0,
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Equivalence algebra of the generalized Kompaneets equation 103

Substituting (2.11) in Egs. (2.10) we obtain the following system:

out
ot f“ ’
ot 8,u
O +he—o — fu =0,
9 9 (2.12)

o hﬁi _0.
ot ot
a,u ou? 0&*

+fu o7 — hy 5 = 0.

Since these equations should hold identically forfalbndh,., Egs. (2.12) give rise to
the following system:

ot on
o w
ot B ot B on
TR A T
o0 -
oo 7 ot
2 2 2
o™ _o oy 98
ou of ou
The general solution of Egs. (2.13) is given by
it ), (@), ), p'lu,f), p*(h,x). (2.14)

We turn now to Eq. (2.5). Itis written

Using the formula (2.9) we obtain the coefficienténvolved in Eq. (2.15):

~ ~ 0 ,opt 0
b= Dul) ~ FDum) = 2y o
, ) (2.16)
i = Do)~ WD) = 2y ey
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Then we insert the information (2.14) in the prolongation formulae (2.7) and obtain:

Go=nu — w (& +wéy),
CZ = W’Ux — Uy (5; =+ uzéi) - u:vfg% ;
<22 = Wlum + 77”%20 — U (5;:1: + 2u$§iu + g'}tuui + 5111“361> )

- umfzx — Uy (5; + uxgi) - Qumgi .

(2.17)

We substitute the expressions (2.16)-(2.17) in the determining equation (2.15) and
first nullify the term withu,,, :

_2utx(€alz + u:rgzla) = 0.
This give the equations
Hence,

gh=¢). (2.18)
Now we substituté! = ¢! = 0in Egs. (2.16) - (2.17) and obtain:

wa = o+ (g — 1 (W] fur w3 = g2+ [ — Elha s (2.19)

¢ = W(U) - ’Stl]uta G = 77/(“>ux - fium

Goz = [11(w) — 28]tz + 0" (W)t — &
Upon inserting the expressions in the determining equation (2.15) we obtain

(2.20)

— 0'uy + R[N Uge + 1" — E Uy — 262U + F1 U~
f'& e + i ug + (N} — 1) fta] + [Uae + flug) i+ (2.21)
20 [1 + n'ug] + 2(ug + f) - [12 4 (ui — ER'] = 0.

We replaceu; with its expression given by Eq. (2.1) and write the first term in Eq.
(2.21) in the form

—0' [y + hfutiy + 2h u, + 20, f].

Applying to the resulting determining equation (2.21) the usual procedure of solv-
ing determining equations, we arrive at the following general solution of the determin-
ing equations (2.5)-(2.5):

fl :C1+02t, 52 :C3+O4I, n:C'5—|—C'6u,

. B - B (2.22)
po=(C6—Ca)f, p* = (2C1—Ca)h,
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whereC, Cy, C5, Cy, Cs, Cg are arbitrary constants. The general solution of the de-
termining equations provides the following equivalence generator for the generalized
Kompaneets equation (1.5):

Y = O\ Yh + CoYa + -+ CgYe. (2.23)

Thus, the basis of the equivalence Lie algebra for our equation is spanned by the oper-
ators

0 0 0

leaa %:ta—h%a
0 0 (9

Yi=go, Yizag —f§+2h (2.24)
0 8

3 A model with additional symmetry

Consider the following projection¥ andZ of the equivalence generator (2.23):

0

0 0
pr(t,:ﬁ,u) (Y) =X= f + € a.. + 778

ot
_ g9
P (V) = 2= 85 g g sy

We will use the theorem on projections (N.H. Ibragimov, 1986; see Paper 3 in [4]).
In our case, the theorem states that if the equations

f=F(u), h=H(x) (3.2)

are invariant with respect to a group with the generafothen the corresponding
equation (1.5) admits the group with the generatoiLet us find the model based on
the operator

0 0 8
Its projectionX defined by (3.1) is
0 0
X =g —luteg, (34)

whereas the projectiod is identical with the operator (3.3).
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The invariance conditions for the equations (3.2) with respeZt1oY are written
Z(f = F(u)|f=r@w) =0, [Z(h — H(2))|h=H(z) = 0.

These equations are written

dF
—2F + (u + e)% =

and yield:
f=Cu+e? h=Kaz*

Letus takeC' = 1, K = 1 for the sake of simplicity. Thus, the theorem on projections
guarantees that the equation

wp = 22 [ugy + 2(u + e)uy] + 4afuy + (u 4 ¢)?] (3.5)
admits the two-dimensional Lie algebra spanned by

0 0 0
X1 _§7 XQ—.T%—(U—FE)% (36)

Let us construct the invariant solution with respeckip The invariants forX, are
determined by the equation

XoJ(t,x,u) =0
which is written
0J oJ
T (u+5)% = 0.
One solution is
Jy =t.

By solving the characteristic equation

dx du
— +

=0
T U+ €

we obtain the second solution
Jo = x(u+ ¢).

The invariant solution is obtained by letting
Ja = ¢(J1).

In other words, we let

2(u+e) = (1)
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or
(1)

X

U= —€+
Substituting (3.7) into (3.5), we obtain

¢ =2(¢" — ¢),

whence 1
e
Substitution ofp in Eq. (3.7) yields

1
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Abstract. The paper is devoted to investigation of the group of equivalence transformations for

one-dimensional reaction-diffusion type models described by an evolution system comprising
two second-order nonlinear partial differential equations. The cases of nonlinear and linear
cross-diffusion are considered in two separate parts.

Keywords: Excitable systems, Cross-diffusion, Equivalence transformations

PART 1
Excitable systems with nonlinear cross-diffusion

1 Introduction

In this part of the paper we will discuss one-dimensional reaction-diffusion type mod-
els with nonlinear cross-diffusion. Specifically, we will consider the system of the
form (see, e.g. [1])

ou 0%u 0 ov
5 = flu,v) + A@ + 97 (¢(Ujv)%) :
(1.2)
ov 0?v 0 ou
5 = g(u,v) + B@ + . <w(u,v)%) ,

where four undetermined functiorfsg, ¢, ¢ of two variables and two undetermined
constants (parameters), B provide six “arbitrary elements” of the model.

We identify equivalence transformations of the system (1.1) with changes of the
variablest, x, u, v and transformations of the arbitrary elements mapping the system
(1.1) into a system of the same form. Thus, one-parameter continuous groups of equiv-

(© 2011 N.H. Ibragimov
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alence transformations (depending on a group paramgteve the form
t=1t(t, z,u,v,a), ===zt z,u,0,a),
u=u(t,x,u,v,a), v=0(tzuuva),

fT:fT(t7x7u7v7f7g7¢7w7A7Bﬂa/)7

g:g<t7x7u7U7f7g7(b7’l/}7A7B7a)7
L (1.2)
(b: <t7x7u7v7f7g7¢7w714737a)7
1;: _(t7x7u7v7f7g7¢7¢7A7B7a’)7
A: 7(7571;7”7U7f7g7¢7¢7Aana)7
B:B(t7x7u7v7f7g7¢7¢714737a)
and map the system (1.1) into the following system:
on - _0%u 0 (-, 0Ov
G- fanagse 2 (se0g).
1.7)
oo . . -0 O (-, _ _0Ou
5= g(a,v) + B@ + 9 (w(u,v)%) ;
where the functiong (z, ), ..., (4, v) and the constantd, B may differ from the

corresponding functions and constants in the original system (1.1).

Remark 1.1. Generally speaking, the transformed valties «, v of the physical vari-
ables may also depend upon the “arbitrary elemefits’. , B. But we will restrict our
consideration to transformations of the form (1.2).

Remark 1.2. The question on nonlinear self-adjointness of the system (1.1) is inves-
tigated in [2], Section 5.

2 Equivalence group and determining equations

2.1 Notation
The following notation will be convenient in general calculations:
x= (2", 2%), wu=('v?), y=(x,u), (2.1)
where
Ilzt, xzzx, ulzu, u2:v7
1 2 3 4 (22)
y =t Yy =x y=u y =
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The arbitrary elements of the model (1.1) will be written in the form

F:<f17f27f37f47f57f6)’ (2'3)
where
fr=Ff =g =0 =0, fP=A f°=B. (2.4)
The generator of the group of equivalence transformations (1.2) has the form
0 0 0
y — a2 2 Y 1 Y 2 Y 1Y
St T o T e T e T By
(2.5)
T A X AP A KA
Fag ™Hae Fap Haa"H s
or, using the notation (2.4), in the compact form
.0 .0 0
Y =¢—+4n"— « 2.5
o T g tH ara’ (2.5)

where the summation is taken ovet 1,2 anda = 1,.. ., 6. The coefficients are

& =¢(xu), n=n(zu), i=12
and

pt = p(xz,u, F), a=1,...,6.

2.2 Extended form of Equations (1.1)

It is convenient to write Egs. (1.1) in the form

Di(u) = AD;(u) + Dy [¢(u,v) Da(v)] + f(u, v),

(2.6)
Dy(v) = BDZ(v) + Dy [i(u, w) Do (u)] + g(u,v),
using the operators of total differentiation
D—2+ 24_ £+ i_|_ i+ i+ i_|_
ot "ou  "or T Mo T " ou, T Mon, T "o, ’ -

D —£+u £+U 2+u i+u i+v i+v — +
T Or T ou ov " Ou, Uy v, O,

whereD? is the repeated action of the operafoy, e.g.
DX(u) = D, (Dy(u)) = Dy(uy) = tyg.
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Thus, Egs. (1.1) are written:

U = Atgy + O(U, V) Vgp + [Pully + Gpvg] Ve + f(u,v),
(2.8)
Vg = BUJ:J: + ¢(U7 u)uxx + [wuuaz + %vaz] Uy + g(“’) U)v

whereo,,, ¢., V., 1, denote the partial derivatives, e.g.

_ 09(u,v) _
¢'Uz - au ) ¢U -

9 (u, v)
o

Furthermore, in order to calculate the equivalence generators, we write Eqgs. (2.8)
in the followingextended form

Up — Alyy — Pz — Putlzvy — G2 — =0, (2.9)
U — BUgy — Yllgg — thytis — Yytigvy — g = 0, (2.10)
fi=f:=0, g=9,=0, (2.11)
G = =0, Y =1, =0, (2.12)
A=A, = A, = A, =0, (2.13)
B,= B, = B, = B, = 0. (2.14)

Egs. (2.11)-(2.12) guarantee that the functigng, ¢, ¢» do not depend upon the vari-
ablest, z, whereas Eqs. (2.13)-(2.14) show thlatind B are independent on all phys-
ical variables, =, u, v.

Remark 2.1. Using the notation (2.2), (2.4), Egs. (2.11)-(2.14) can be written

=0, (a=1,234 o=12) (2.15)
fe=0, (o =5,6; o=1,2,34). (2.16)

2.3 Determining equations

A convenient approach to calculation of equivalence transformation groups has been
suggested in [3]. According to this approach (see also [4] or [5], Paper 5, and [6], [7]), a
one-parameter group of transformations (1.2) is a group of equivalence transformations
for Egs. (1.1) if it leaves invariant the extended system (2.9)-(2.14). Then the usual
infinitesimal invariance test yields that tpeolonged generatot” of the equivalence
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group (1.2) should satisfy the equations

Y (up — Atgy — GUpz — GrtlpVy — qbv’ui — f) =0, (2.17)
?(Ut Buy, — Yug, — wuui — Yyugv, — g) =0, (2.18)
Y(f) =Y (fa) =0, Y(g)=Y(g)=0, (2.19)
Y(6) =Y(d:) =0, Y(th)=Y(ths) =0, (2.20)
Y(A) =Y(A,) =Y(A,) =Y(4,) =0, (2.21)
Y(B) =Y (B,) =Y(B,) =Y(B,) =0 (2.22)

on the syster(2.9)-(2.14), where

ool @l 0 p0 00 p 8+ 9l
5ot e T Tau T B “af K “a¢ “w
50 50 0

; 9 2a 2 0 3a 38

o t W= — — — — 2.23
Tong,— TWigy Twge Twig, Tug - tuigs twgs (2.29)

R T R R Y.

Lo, 2, LoA,  TPOA, 304, 10A,
9 9 9

6 6 6 6 _

T TYp T TYigg,

—+ w

In computing the coefficients!, (2, (3, (2, (35, (3, andwyi, ..., w8 it is convenient to
use the operator (2.23) in the compact form (see the notation (2.4))

0 o, .0 0

?:Y i—. ; p : - > .
+Claui +C28U?E + CQQau?Em +wo‘ 3f§‘

(2.24)

HereY is the operator (2/%and the coordinates, (i, (i = 1,2) are given by the
usualprolongation formuladsee the notation (2.2)):

()= Dt(ni) - “iDt(fl) - u;Dt(SQ), (2.25)
C; = D:c(ni) - uli(gl) - uli(SQ)v (2.26)

62 = Dx(cé) - u;xDz@l) - u;xDx(g)
= D) — u,D3(E") — uy D3(€?) — 2uy, Dy (1) — 2ui, D, (€7),  (2.27)
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where Dy, D, are the total differentiations (2.7) ard is the repeated action of the
operatorD,, e.g. D2(n') = D, (D.(n")).

The coordinates? (« = 1,...,6; 0 = 1,...,4) of the operator (2.24) are given
by (compare with the prolongation formulae (2.25)-(2.26))
Wy = Do) = [ Do(€") = [ Do(€) = fiDos(n') = [0 Do ("), (2.28)
where (compare with (2.7) and see the notation (2.2)for
~ 0 0
D, = =1,...,4. 2.29
oz ayo. o afa ) o 9 ) ( )
In (2.24) and (2.29) we use the notation
f _&f =1,...,4,
oy’

so that, according to the notation (2.2) igr, we have:
= L= K= K=K

Using the expression (2.23) for the operaltoin Eqgs. (2.17)-(2.22) we obtain the
following determining equations for the equivalence generators:

Cll - AC212 - U:B:B,US - ¢C222 - UMNB - (U:Jc<21 + uzC22>¢u

— WUV — 20,0,CF — viwi — p' =0, (2.30)

(F = BGy = Vaat® = PGop — Unapt” — (02Cy + 123 )1y
— Wity — 20Uy Cy — U] w3 p? =0, (2.31)
we =0, (=1,2,3,4; o=1,2), (2.32)
WE=0, (a=506 o0=1,234), (2.33)

where(i, ¢t (i, (1 = 1,2) andw® are given by (2.25)-(2.27) and (2.28), respectively.
Egs. (2.30)-(2.33) are termed thetermining equationbecause they determine the
generators (2.5) of the maximal continuous group of equivalence transformations (1.2)
for the system (1.1).

3 Preliminary analysis of determining equations

3.1 Integration of equationsw? = 0

Since EQgs. (2.17)-(2.22) should be satisfied upon evaluating their left-hand sides on
the system (2.9)-(2.14), it suffices to write the operators (2.29) by taking into account
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the equations (2.11)-(2.14). Then, denoting

Dy=Di, Dy=D, Ds=D, Di=D, (3.1)
and invoking the notation (2.2), (2.4) we will have:
~ 0 ~ 0 0 0 0 0
Dt—E, Du_%"i_fuw 98 + Ou ¢+¢uw>
) a ) ) (82
ﬁx = 37 > -51) + v + U + v + v
Therefore, using EQs. (2.11)-(2.14) and notation (2.4), we obtain from (2.28):

w?:-50(#&)_f:-ﬁo(nl)_f:}lﬁU(n2)7 (Oé: 1727374>7 (33)
Wi = Do), (a=5,6). (3.4)

If we takea = 1 and compute (3.3) for = 1 ando = 2 by using Egs. (2.4), (3.1),
(3.2), we obtain:

= Dy(u') = fuDi(n") = fuDu(0*) = i — fumi — furii,
w% = Ex(ﬂl) - fuﬁx(nl> - fvﬁx(nQ) = /Lalc - funi - fvni'
Making similar calculations forx = 2, 3, 4, we conclude that
wy = g — funt = oty wo = g — ful — fonis

WP = U= guly — G, Wa = [ — Gulls — Gullos

3 3 1 2 3 3 1 2 (3'5)
WY =y — Gully — Qo Wy = iy — Pully — Oullis
wi = pif — hun — b}, wy = py — Yuny — Y.
Substituting (3.5) in Egs. (2.32) we obtain:
i — fung — fomp =0, ph — funy — fons =0,
1 = gunt — gom; =0, 12— gutly — g =0,
(3.6)

1, = Gutly — Gutl; =0, 1y — Guty — durfs = 0,
py =ty — o = 0, iy — Yutly — Yo = 0.
Sincen’, ;¢ do not depend Upof,, fv, Gu, Gus Gus Go, Vu, ¥y, Egs. (3.6) yield
mo=m=0, ni=n=0,
= py =0, g =pi=0, (3.7)
pp = =0, pf=p, =0
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Likewise, using (3.4) and invoking Egs. (2.4), (3.1), (3.2), one obtains
wy
W5 = Ly + fult + Guity + Gupg + upy, (3.8)
wi = iy + folt} + guly + Gupy + Yup,
for a = 5,6. Substituting (3.8) in Egs. (2.33) and reasoning as above, one obtains:

_ .« a
_:U’t7 w2_:u:p7

pe = g =y = py = pf = pg = pg =y =0, (a=5,6). (3.9)

Thus, we have completed the integration of Egs. (2.32), (2.33). The result is given
by Egs. (3.7) and (3.9). It remains to solve Egs. (2.30), (2.31).

3.2 Simplifications derived from Equations (2.30), (2.31)

We turn now to Eqgs. (2.30), (2.31). First, we will single out in Egs. (2.30), (2.31)
the terms containing,, andv,. It is manifest from the prolongation formulae (2.25)-
(2.27) that they are involved only i}, and¢Z, given by (2.27), namely:

C212 = —QDx(fl)Utz +- C222 = —2Dx(€1) Vg + -

Substituting these expressions in (2.30), (2.31) and nullifying the coefficients for
andv,, we obtain the equations

ADy(¢') =0, BDy(") =0, ¢D(£') =0, ©Di(¢)=0.
Since the parameters, B and functionsp, v are arbitrary, these equations yield
D.(¢Y) = 0. (3.10)
Writing Eqg. (3.10) in the expanded form (see the definitiogfin (2.7))
&+ uaby + valp =0,
we obtain
&=6=6=0. (3.11)
Now we will single out in Egs. (2.30), (2.31) the terms involving

They are contained ity,, (3, and will also appear ig;, (7 after eliminatingu,, v; by
using Egs. (2.9), (2.10). Namely, keeping in (2.27) the terms that may contain the
quantities of our interest and invoking Eq. (3.10), we obtain:

Coy = —UpD2(€?) — 2upy Dy (€3) + - - -
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Go = —veD3(E) = 2002 Do(€7) + -+

= Uy (o & + Va0 &) — 2000 (U &5 + 02 €5) + - (3.14)
Furthermore, we have:
G = —u Di(E) 4 = —up (w & + 0, E0) + -+
=~y & (Atas + PVaa) — s & (Buag + Yttae) + -+, (3.15)
and likewise
(7= —0, & (Atgy + v40) — 0, 2 (BUgy + Yy) + -+ . (3.16)

Substituting (3.13)-(3.16) in the left-hand sides of Eqgs. (2.30), (2.31) we obtain the
following terms containing the quantities (3.12):

(P8 + 248 vty + [ &5 + (A = B)E gy + -+, (3.17)

C12 - B CQQ2 - 77Z) C212 = 3¢ gﬁ“xumx + (2B§12; - ¢€§)vamx

Egs. (2.30), (2.31) are satisfied identically upon eliminaiipgndv,. Therefore
we nullify the coefficients of quantities (3.12) in (3.17), (3.18) and obtain:

¢&, =0, ¢&+ (A= DB)g =0,

QA2 — Y& =0, G& +248 =0; (3.19)
= 0 2 B—- A 2 _ 0
1/J€u2 ; Q@ZJ &+ ( ) ). -0, .20
2BEX — ¢ =0, Y& +2BE =0.
SinceA, B, ¢, ¢ are arbitrary elements, Egs. (3.19), (3.20) yield
&=6&=0. (3.21)

3.3 Results of preliminary analysis

Collecting Egs. (3.7), (3.9), (3.11) and (3.21), obtained above by a preliminary analysis

of the determining equations (2.30)-(2.33), we obtain the equations
L=6=6=0 &=&=0,
(3.22)
mo=1, =0, =15 =0;

and

,Uta::ugzov (a: 17273’4)7
(3.23)
py =y = py = py = py =g = pg =, =0, (a=5,6).
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Remark 3.1. The equations (3.22), (3.23) yield:

g=¢), &=&tx), n'=n(uwv), n*=n(uv), (3.24)
/"La:l’ba(uﬂv)f7g7¢7¢7A7B)7 (a:17273’4)7
(3.25)
pt = p*(A, B), (v =15,6).
4 Solution of determining equations
4.1 Determining equations after simplification
Substituting (3.24) in the prolongation formulae (2.25), (2.26) we obtain:
¢ = Dy(n') — wDy(&') — up Dy(E%) = (my, — & Yuy + 1y v — & g, 4.1)
(2 = D) = viDi(§") = vaDu(€?) = n2 s + (72 — &)ve — & v, |
C21 = Dx(nl) - ume(€2) = (775 - 53;)% + 771% Vg 4.2)
GG = Do) = veDal€) = 02wy + (2 — )0z |

The formula (2.27) is simplified likewise. Namely, sinBg(¢1) = 0, it is written

G = Di(n') — u, D3(E7) — 2, Da(€7).

(4.3)
Furthermore, it follows from (3.24) that
Dar(gz) = iv Di(€2) = ng
Dy(n') = ), ty + 17, vy,
Dazc (771) = 77; Uge + 773; Vg + ﬁiu uczc + 277131) Ug Vg + ﬁiu v?c'
Therefore (4.3) yields:
— — Uz —+ Vea + u,. + Uz Vg + - Ug,
Coo = (my — 265 Uk Mo U + 215 Moo Vs — Eog @
(oo = M Uaw + (0 — 262) Ve + Moy Uz + 205, UV + 105, U — €5 Ve |

After substituting (4.1), (4.2), (4.4) and eliminating, v; by using Egs. (2.9),
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(2.10), the determining equations (2.30) and (2.31) become
(11 = &) (Al + G2z + Gutizvy + G0 + ) (4.5)
+ 1y (BUzg 4 Yllag 4+ Yyl + utigs + g) — g
— A(ny — 26 Uaw + My Vaw + Ny Uy + 20y UV + 1y, Ve — €5y U
— Bl e + (1 — 263 Ve + Moy U + 20, UsVs + 15y, U — Epy Ve
— Gul(y + 105 — 260 ugvy + 1,05 + Mud] = 20, [mugv, + (05 — £2)07)
— u5um - ,u3vm — wg’uxvm — wi’vi — ,ul =0
and
(02 — € (BUse + Vg + Yot + hytzvy + g) (4.6)
+ 02 (Agy + Gss + Pullas + o027 + f) — &0,
— B {1 g + (1 — 263 Ve + Moy U + 20, UsVs + 15, U7 — Eoy Ve
— (10— 265Uz + 17y Vi Mgy, U+ 2y UV + Ty, Vg — €y W]
— o[ (M + 7, — 260 eV + 107+ Motd] = 20u[myuav, + (1, — E7)ul]
— 1100 — gy — Wyl — Wity — i =0,

respectively. We have to substitute here the expressions for the quanfities w;
andw}. Using (3.3), (2.4), (3.1), (3.2) and (3.24), (3.25), one obtains

w:;,)) = Du<u3) - ¢uDu(n1) - ¢0Du<n2)
= U+ fult + Gult) + Guttl + Vuptl, — dury — du-
The other three quantities are computet likewise, and we have:
wg = ,Ui + fuﬂi + guﬂg + (buﬂz + %MfL - <Z5u7711L - %"737
Wi = iy + ot + Guit 4+ Gl + otily — Gutly — duTly,
4 4 4 4 4 4 1 2 (4.7)
W3 = U, T fuﬂf + Gulty + ¢uﬂ¢ + beu,uzp - ¢u77u - wvnu?
Wi = uﬁ + fvy';lf + gv,u'g + ¢v,u3§ + ¢vﬂ?p - wunzlj - %7712)

Egs. (4.5)-(4.6) should be satisfied identically in the varialfles., . . ., ¥, ¥,
andu,, v,, U, V... Since the unknown functiors » andu do not depend upon these
variables, we split Egs. (4.5) and (4.6) in the usual way. Let us substitute (4.7) in (4.5)
and collect the terms with,, f., g., g,. We have:

_<fuuxvm + fvvi):u?f - (guuxvm + gvvi)/ﬁz
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The similar terms involved in Eq. (4.6) are
_(fuui + fvuwvm)ﬂ? - (guui + gvumvx):ug-
Since these terms should vanish identicallyfjnf., g., g., u., v, we obtain:
pp=0, pp=0, pp=0 p;=0. (4.8)

Likewise, taking into account Eqgs. (4.7) and collecting the terms wjtm (4.5), we
see that, is involved with the coefficient

(g = mp + 263 = & = pd)ugv, — mius.
Hence, Eq. (4.5) yields:
Me =0, =, —n;+26 —§&. (4.9)

The terms withp, in (4.5) vanish due to Eqgs. (4.9). Itis easy to see that the terms with
¢, In (4.6) appear now with the coe1‘f|C|e|C1i(/ﬁu2 and hence

ph =0, (4.10)

The terms withg, in (4.6) vanish. The similar inspection of the terms with, ¢,
yields the following equations:

Egs. (4.8)-(4.11) reduce the expressions (4.7)fHt3, wi, wi to the following:
wy = ui + (267 = & — n2) b
+ (262 = &+, — 207) Do,
+ (267 = & + 0 — 2m,)u,
w4 - luv (25 gtl - ni)d}v
Furthermore, nullifying the terms with,, andv,, we arrive at the equations
= (282 =& +n, — )0,
pt= (262 =&+ —m) v,
po= (26— &) A
ut = (262 - ¢)B

Note that the first two equations (4.13) are compatible with Eqgs. (4.9)-(4.11).
Thus we have eliminated in Egs. (4.5)-(4.6) the terms with

fu7 f’U7 gu7 gU? ¢’LL7 ¢U7 w’LH wv7 u$I7 UCECE

(4.12)

(4.13)
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4.2 Integration of determining equations

Using the results of Section 4.1, we can write the determining equations (4.5)-(4.6) as
follows:

2 3\, .2 3 1 (4'14)
- ((bnvv + :uv)vx = My UgVy — = 07

- (@Z)Thlm + Mi)ui - Mguxvx - ,u2 = 0.
Since Egs. (4.14), (4.15) hold identicallyif, v, they provide the equations

(4.15)

and

Ul + 1, =0, 4y =0, (g2 —&)g—p* =0.
Furthermore, sincd, B, ¢ andy are arbitrary elements, these equations yield

ix = €t2 =0, nqlw = 7721; =0, (4-16)

pt=ml =& f, 1= —&)g, (4.17)
and
poy =y =0, piy =, =0.

Differentiating the first equation in (4.17) with respectitand invoking thay:; =
nt = 0 we obtain

& =0. (4.18)
Summarizing the equations (3.22), (4.9), (4.11), (4.16) and (4.18) we obtain:
g;:é&:g&:o, g)tlt:()?
§=6=6=0, &, =0,
(4.19)
M= =0=0, Ny, =0,
mo=m=n=0, mn,=0.
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The integration of Egs. (4.19) yields (see also Egs. (3.24)):

512014'05757 52202+C637>
(4.20)
nt=Cs5+ Cru, n*=Cy+ Cyu,

where(', ..., Cjy = const. Substituting (4.20) in (4.17) and (4.13) we obtain:

pt = (Cr—Cs)f, u*=(Cs— Cs)g, (4.21)
1= (205 — Cs + Cr — Cg)pp, p'* = (2Cs — C5 + Cs — Co )b, (4.22)

The functionst, n and .. given by (4.20) and (4.21)-(4.23), respectively, provide
the general solution to the determining equations (2.30)-(2.33), and hence define the
most general equivalence generator (2.5) for the system (1.1).

5 Equivalence Lie algebra

5.1 Basis of the equivalence algebra

The operator (2.5) with the coordinates (4.20)-(4.23) is the linear combination of the
following basic equivalence generators

0 0 0 0
}/1_&7 1/2_%7 }/3_%7 m_%7
0 0
Ys = a_fT_ga_g_¢_¢_¢_w_ 6_A_BG_B’
0] 0 0
Yo = 2— — — +2A—
6= 17 +2¢8¢+2w8¢+2 +2BaB (5.1)
Vo=t f oyl
T of oo T ou’
0 0 0 0
Yy = Cew +‘qa—g—¢8_¢+w%
Thus, the generator of the equivalence group has the form
8
Y =) GV, (5.2)
v=1
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5.2 Projections

We will use the following projections of the equivalence operator (5.2):

i 0 ;0
pr(x,u)(Y> =X=¢ Ol 1 out’
(5.3)
(2 a (6% a
Prum(Y)=2=n ui+'u of’
Taking the projections (5.3) of the basis operators (5.1), writing operators up to
constant factors and denotigy = pr(, ) (Y21,), p=1,...,8, we obtain
0 0 0 0
Xl a ) 2 8_x ) X3 % X4 % )
) ) ) ) 54
X5—tat, XG—ZL‘%, X7—U%, Xg—’l)%
and
0 0
Zl % ) Z2 - % )
0 0 8 0
af "985 %6 Yoy +AS+ B,
f a7 9, ¢35 96 w 0 55
8 0 0
Zy = p— — A— B—
8 0
T = yu— -

0 0
Zg=v a—+ga—g—¢a—¢+¢ ?/1

Remark 5.1. See Remark (10.1) for the commutator table of the operators (5.5).

5.3 Principal Lie algebra

One can see from (5.5) that , ) (Y) =0 only if Y = C1Y; + C,Y5. Hence (see [5],
Paper 3, Corollary 3.1), tharincipal Lie algebrafor the system (1.1), i.e. the algebra
admitted by Eqgs. (1.1) with arbitrary, g, ¢, v, is the two-dimensional Lie algebra
spanned byX;, X, from (5.4).
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PART 2
Excitable systems with linear cross-diffusion

6 Introduction

The systems (1.1) with linear cross-diffusion are obtained by assuming tuad ¢
are arbitrary constants. Thus, we will consider now the system

ou 0%u 0%
gu_ ALy Y
o ~Jwv) A+ Bigs
6.1)
Ov 0%v 9*u
77 = 9w) + Aag o+ Bus

containing two arbitrary functiong, g and four arbitrary constant,, Ay, By, Bs.
We will again use the notation (2.1)-(2.2), namely

m - (1‘17.'];2)’ u = <u1’ u2)7 y = (w7 'U/), (62)
where

:zrlzt, :1:2:95, ulzu, u2:v,
1 2 3 4 (6.3)
y =t Yy =x y=u y =

The notation (2.3)-(2.4) for the arbitrary elements will be modified as follows:

F = (f17f27f37f47f57f6)7 (64)

where
flzf’fzzg, f3:A17f4:Bl7f5:A27f6:BZ' (65)

7 Determining equations for equivalence group

7.1 Equivalence group

We identify equivalence transformations of the system (6.1) with non-degenerate changes
of the variables, x, u, v and transformations of the arbitrary elemefits, A;, B; (i =

1,2) mapping the system (6.1) into a system of the same form. Thus, continuous
groups of equivalence transformations (depending on a group paramédtave the

form

u=u(x,u,a), v=710(x,u,a), (7.1)
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They map the system (6.1) into the following system:

on . . - 0%u - 0%
ﬁ:f(u’v)+A1@+Blﬁ’

) ) (6.7)
Jo - 0v - 0°u
EZQ(U,U)—FAQ@-FBzﬁa

where the functiong (i, ), §(u, v) and the constantd,, 4,, B;, B, may differ from
the corresponding functions and constants in the original system (6.1).
The generator of the group of equivalence transformations (7.1) has the form

0 0 0 0
y —¢1 2 2 Y 1> 2 7 o 7.2
ST e T g T T G (7:2)
o 0 0 0
Y =& — 41— + p” 7.2
o T gt ara’ (7.2)
where the summation is taken ovet 1,2 anda = 1,.. ., 6. The coefficients are
=¢8(x,u), n=n(zu), =12,
and

pt = p(x,u, F), a=1,...,6.

In order to calculate the equivalence generators, we write Egs. (6.1) in the form

Uy — AyUzy — Bivg, — f =0, (7.3)
vy — AgUzy — Batlyy — g = 0, (7.4)
fe=1:=0, g=g.=0, (7.5)
(Al)t = (Al)x = (Al)u (Al)v =0, (7.6)
(Bl)t = (Bl)ac = (Bl)u = (Bl)v =0, (7.7)
(A2)e = (A2)s = (A2)y = (A2)y = 0, (7.8)
(B2)t = (B2)z = (B2)u = (Ba), =0, (7.9)

where Eqgs. (7.5)-(7.9) guarantee that the functibnsdo not depend upon the vari-
ablest, x and thatA,, B;, Ay, B, do not depend on all physical variables;, u, v.

Remark 7.1. Using the notation (6.3), (6.5), Egs. (7.5)-(7.9) can be written

f=0,  (a=12  o=19) (7.10)
fe=0, (o =3,4,5,6; o=1,23,4). (7.11)
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7.2 Determining equations

A convenient approach to calculation of equivalence transformation groups has been
suggested in [3]. According to this approach (see also [4] or [5], Paper 5, and [6], [7]), a
one-parameter group of transformations (7.1) is a group of equivalence transformations
for Egs. (6.1) if it leaves invariant the “extended system” (7.4)-(7.9). Then the usual
infinitesimal invariance test yields that tpeolonged generatol” of the group (7.1)
should satisfy the following equations on the system (7.4)-(7.9):

?(ut — AUy — Bivg, — f) =0, (7.12)
?(Ut — Agvyy — Botg, — g) =0, (7.13)
Y(f) =Y (fa) =0, Y(g)=Y(g)) =0, (7.14)
Y ((A1):) = Y ((A1)a) = Y (A1) = Y ((A1)e) =0, (7.15)
Y((B1)) =Y ((Bi)a) =Y ((B1)u) =Y ((B1),) =0, (7.16)
Y ((A2)) =V ((A2)s) = Y ((A)u) = Y ((A2)s) =0, (7.17)
Y((Ba)e) =Y ((Bo)a) = Y ((By)u) = Y ((Ba)) =0, (7.18)
where (see the notation (6.5))
V=Y +lg + G+ e + G i (19

HereY is the operator (7.2) and the coordinafgs’s, (i = 1, 2) are given by the usual
prolongation formulagsee the notation (6.3)):

i = Di(n') — u;Dy(€') — u,Dy(€7), (7.20)
Cé = Dr(ni) - U;Dw@l) - u;Dm(g), (7.21)

G2 = Da(C2) — i Da(€') — 1z, Da(€7)
= D7) = wyDy(§") = w, DF(€7) = 2up, Du(&) — 24, Da(6),  (7.22)

where
D, = 0 + 0 + 0 + 0 + 0 + vy + i#—
825 Ut ou UVt~ 9 Ut~ B Uty 7 D, (%7 D Vtg v, )
(7.23)
D—£+ua+va+ua+u a—i—va—l—vi—i—
x 8$ :z:a xa txat :msau tx avt xzavx

andD? is the repeated action of the operafoy, e.g. D2(n') = D, (D.(n")).
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The coordinates? (o« = 1,...,6; 0 = 1,...,4) of the operator (7.19) are given
by (compare with the prolongation formulae (7.20)-(7.21))

WE = Dy(p®) — fEDL(€Y) — f2D,(€3) — 2D, (") — oD, (%),  (7.24)

where (compare with (7.23) and see the notation (6.3)Tr

~ 0 0
D, = o =1,...,4. 7.2
g ayo. + fo‘ afa 9 g ) ? ( 5)
In (7.19) and (7.25) we use the notation
ofe
= =1 4
fU ayo- ) 9 Y )

so that, according to the notation (6.3) igr, we have:
=1 =5 =KL I=n

Using the expression (7.19) for the operatoand invoking the notation (6.5) we
write Egs. (7.12)-(7.18) in the following form (see also Egs. (7.10), (7.11)):

C11 - A16212 - uxxMS - BlC222 - Ua:x,u4 - Hl =0, (7.26)
<12 - A2<222 - Um,u5 - B2C212 - umﬂﬁ - MQ =0, (7.27)
we =0, (a=1,2; o=1,2), (7.28)
wy =0, (. =3,4,5,6; o0=1,23,4), (7.29)

where(i, (i, (i = 1,2) andw? are given by (7.20), (7.22) and (7.24), respectively.

Egs. (7.26)-(7.29) determine the generators (7.2) of the maximal continuous group
of equivalence transformations (7.1) for the system (6.1). Therefore Egs. (7.26)-(7.29)
are called theletermining equations for the equivalence generators.

8 Preliminary analysis of determining equations

8.1 Integration of equationsw? = 0

Since Egs. (7.12)-(7.18) should be satisfied upon evaluating their left-hand sides on
the system (7.3)-(7.9), it suffices to write the operators (7.25) by taking into account
the equations (7.5)-(7.9). Then, denoting

Dy=D, Dy=D, Ds=D, Dy=D, (8.1)
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and invoking the notation (6.3), (6.5) we will have:

~ 0 ~ 0 0 0
Dt—§7 Du—%ﬂqua—f-f—gua—g,
8 5 a (8.2)
- ) -
Dz - % ) Dv + fv f + gv
Furthermore, it follows from Egs. (6.5), (7.5)-(7.9) and (7.24) that
wy = Do(n) = faDs(n') = [ Do), (v =1,2), (8.3)
w® = Dy (p®), (@ =3,4,5,6). (8.4)

For example, takingg = o0 = 1in (8.3) and using Egs. (6.5), (8.1), (8.2) we have:
= Dy(p") = fuDi(n") = fuDu(n®) = pt = fumi = foni.
Thus, takingr = 1 ando = 2 in (8.3) we obtain:

2

L=y — fund = fonis Wi = 1E — gunt — 9umis

wy = pb — funt — fon?, Wi =12 — gunl — g2

Hence, Egs. (7.28) are written as follows:
py = funy — foni =0,
2 1 2
%—%%—%%—Q ©.5)
tre = Jully — forz = 0,
1y = Gully — 9oy = 0.
Sincen’, ¢ do not depend upo#,, f., 9., 9., EQs. (8.5) yield

1 1 2 2
n,=n,=0, ny=mn,=0,

t1 1 t2 2 (8'6)
py = prp =0, py = py =0.

Likewise, using (8.4) and invoking Egs. (6.5), (8.1), one obtains

)
(8.7)
pY) = py + fult} + gupy,
)

=ty + folt§ + gulty

128



Group analysis of excitable systems with cross-diffusion 129

fora = 3,...,6. Therefore Eqgs. (7.29) yield:
py =g =y = py =pf =pg =0, (a=3,4,5,6). (8.8)

Thus, we have completed the integration of Egs. (7.28), (7.29). The result is given
by Egs. (8.6) and (8.8). It remains to solve Egs. (7.26), (7.27).

8.2 Simplifications derived from equations (7.26), (7.27)
We turn now to Egs. (7.26), (7.27),

Cll - A1C212 - UmMB - BlC222 - Uxxﬂ4 - Hl =0, (7.26)
CIQ - AQCQQZ - Ua:ac,u5 - B2C212 - U’a:ac,u6 - Mg = 0. (727)

Let us single out in Egs. (7.26), (7.27) the terms containipgand v;,. It is
manifest from (7.20)-(7.22) that they are involved onlyjn and(Z, given by (7.22).
Collecting these terms and nullifying them we obtain the equations

AD(€1) =0, BiDy(€') =0, A:Du(€') =0, ByDy(£') = 0.
SinceA;, B, are arbitrary parameters, these equations yield
D,(¢') =0. (8.9)
Writing Eqg. (8.9) in the expanded form (see the definitiorgfin (7.23))
Eo + by + vy =0,

we obtain
L=8&=6&=0. (8.10)
Now we will single out in Egs. (7.26), (7.27) the terms involving

Uplyy, Ugplpg, UpUpp,  UgUsg. (8.11)

They are contained it,, (3, and will also appear ig;, (7 after eliminatingu,, v; by
using Egs. (7.3), (7.4). Namely, keeping in (7.22) the terms that may contain the
quantities of our interest and invoking Eq. (8.9), we obtain:

Gy = —UaD2(E?) = 240 Do) + - -+

2y = v, D2(€%) — 20, Do (E%) + - -
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Furthermore, we have:

G = —uDy(&) + o = g (w &g + 0, &) + -
and likewise
<12 = —Ug 52 (Alu:mc + BlUrx) — Uz fg (A2sz + B2u£m) T (815)

Substituting (8.12)-(8.15) in the left-hand sides of Egs. (7.26), (7.27) we obtain the
following terms containing the quantities (8.11):

G — A1 Gy — B1 (G5 = 3B1820, 00y + (24162 — Boll)uptiyy
+ (B2 + 241 )0ty + [B1E2 + (AL — A)E Uy + - - -, (8.16)

(F — A2 GGy — Ba Gy = 3Ba& ittty + (2426 — Bi&3) vty

Eqgs. (7.26), (7.27) are satisfied identically upon eliminaiingndv,. Therefore
we nullify the coefficients of quantities (8.11) in (8.16), (8.17) and obtain:

Bl£2 = 07 B1£2 + (Al - AQ)&?) = 07

Y 8.18
24160 — Bofl =0, Bi&g + 24,65 = 0; (649
Bol =0, Bafl + (Ay — A&, =0,
2 2 2 2 (819)
245§, — B1§, =0, Bs§, + 24§, = 0.
SinceA;, B; are arbitrary parameters, Egs. (8.18), (8.19) yield that
g=g=0. (8.20)

8.3 Results of preliminary analysis

Collecting Egs. (8.6), (8.8), (8.10) and (8.20), obtained above by a preliminary analysis
of the determining equations (7.26)-(7.29), we obtain the equations

=6 =6=0, &=¢6=0,
(8.21)
n =1, =0, n =ns=0;
and
pe=py =0,  pi=p;=0,
(8.22)
H?:N;ﬁf:ﬂg:ﬁ:ﬂ?:#g:@a (= 3,4,5,6).
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The equations (8.21) and (8.22) yield that

(8.23)
nt=n'(wv), 7*=n*(u,v)
and
Ma:;ua(uvvvf7g7A17A27BlaBQ)v (a:172)7
(8.24)
Ha:,u (AlaA27B17B2)7 (0523,4,5,6),
respectively.
9 Solution of determining equations
9.1 Determining equations after simplification
Substituting (8.23) in the prolongation formula (7.20), we obtain:
C11 = Dt(ﬁl) - utDt(§1> - “th(f2) = (7711L - @el)ut + 7711; U — &2 Ug, (9.1)

(¢ = Du(n?) — veDy(€") — v Du(€%) = ity + (0 — & vy — &7 v
The formula (7.22) is simplified likewise. Namely, sinBe(¢1) = 0, it is written
G2 = D3 (") — uz D3 (€7) — 2uy, Do (€7). (9.2)
Furthermore, invoking (8.23), we have:
Dy(§%) =&, Di(€) =&,
Do (n') = 1y e + 10, Vs
DE(") = 1 e+ 10y Vi + Ty W5+ 20y, Uy + 10, V7

Therefore (9.2) yields:

C212 = (77111 - 255)“% + 7711; Ugg + Uiu ugzc + 27711“) Ug Vs + 77;1; i - ix Uz, 9.3)

3y = Mo Uag + (1 — 262) Vg + oy U + 200, Ugy + 1oy V3 — E2 V.

Substituting (9.3) in the determining equations (7.26), (7.27), eliminating by
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using Egs. (7.3), (7.4) and collecting the like terms we obtain:
(262 — & +ny — 13) By + (Ao — Ay — vz,
+[(282 — &) A1 + Bony — Binl — 1%,
— [A1 g + BumgJuz — [Avmy, + Bung, v
— 2[Ay y, + By, Juav,
+ A&, — Elus + Bi&g, v

+ (=& f+gn, —p' =0 (9.9)
and

(265 — & +ny —my) Ba + (A1 — Az)ngy — p°)uae
+ (282 — &) Az + Bin: — Bomy — p°]vas

— [Ayn, + Bamy,Juz — [As 1y, + Bany, v

— 2[A3 1%, + Ba 1y, |uav,

+ [A2El, — &0 + Bo&ly s

+(F—&D)g+ [ — p* =0, (9.5)
Noting that the equations (9.4)-(9.5) should be satisfied identically in the variables

Uge, - - - , U, @Nd that the unknown functiogsn andu do not depend upon these vari-
ables, we split Egs. (9.4) and (9.5) into the equations

(263 = & +my = m) By + (A2 — Av)n, — p* = 0, (9.6)
(267 — &) Ay + Bam, — B, — pi° = 0, (9.7)
Ay Ny + Bums, = 0, Ay, + Bing, =0, Avng, + Bimg, =0, (9.8)
A&, =& =0, B &, =0, (9.9)
(me — &S +gny—p' =0 (9.10)
and
(265 — & +my —my)Ba + (A = Ag)y — 4 = 0, (9.11)
(263 — &) As + Bun, — Ban, — pi° = 0, (9.12)
A, + Bamy, = 0, A1y, + Bamy, =0, Aa i, + Ban,, =0, (9.13)
Aol =& =0, By&, =0, (9.14)
(2 = &g+ fns — 1? =0, (9.15)
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respectively.

9.2 Integration of determining equations

Since¢ andn do not depend on the parameters B;, Eqgs. (9.8), (9.9) yield

n;u = nfw = 773;1; =0, (l =1, 2)7 (916)

£=0, €& =0. (9.17)

xrx

Differentiating (9.10) with respect toand invoking Egs. (8.6) we obtain
&, =0. (9.18)

Egs. (9.13), (9.14) are satisfied due to (9.16), (9.17). Integrating Egs. (9.16), (9.17)
and (9.18) one obtains:

51205154‘01, §2ZCGx+CQ,
(9.19)
n'=Cru+ Cov+C3, 7n°=Cru+ Cgv+ Cy,

where(, ..., C o = const.
Substituting (9.19) in (9.10), (9.15), (9.7), (9.6), (9.12) and (9.11) we obtain:

p' = (Cr=Cs)f +Cog, p?=Crof+(Cs—Cs)g, (9.20)
12 = (2Cs — C5)A; — Cig By + Cy By, (9.21)
pt = Co (Ay — Ay) + (2Cs — Cs + C7 — Cg) By, (9.22)
1’ = (205 — C5) Ay + Cio By — Cy By, (9.23)
1 = Cio (A — Ay) + (2Cs — Cs + Cs — C7) Bs. (9.24)

The functionst, n and i given by (9.19) and (9.20)-(9.24), respectively, provide
the general solution to the determining equations (7.26)-(7.29), and hence define the
most general equivalence generator (7.2) for the system (6.1).
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10 Equivalence Lie algebra

10.1 Basis of the equivalence algebra

The operator (7.2) with the coordinates (9.19)-(9.24) is the linear combination of the
following basic equivalence generators

¥s = Ot fa_f g%_AiaiAi_BiaiBﬁ
}%:x%+2Ai%+QBiai&,
Y}-ug—l—faf a _323%2’ (10.1)
Yg—vag—kgaa 18iBl+B20iBg’
S (LR YRR
ym:u%H%wl(%_a%)ﬂA — o)
Thus, the generator of the equivalence group has the form
Y =) GV, (10.2)

Remark 10.1. The operatorg, andYj,, unlike the generator¥y, ..., Yz of usual
translations and dilations, generate interesting equivalence transformations. For ex-
ample, integrating the Lie equations fioy, one obtains the following one-parameter
group with the group parameter:

_: + a , qg = ,

f=Itag, §=g (10.3)
Al :Al—l—aBg, Ag :AQ—GBQ,

E :Bl+a(A2—A1)—a2,B2, EQZBQ.
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10.2 Projections

We will use the following projections of the equivalence operator (10.2):

i 0 0
pr(x,u) (Y> =X E€ Ori +1n out’
(10.4)
9, 0

prup(Y)=2= ux 9 + Maa—fa :

Taking the projections (10.4) of the basis operators (10.1), writing operators up to
constant factors and denotiigy = pr(, ) (Y21,), p=1,...,8, we obtain

0 0 0 0 0
Xlzaa X2:%7 X3_%7 X4_%7 X5_tav
0 0 0 ) ) (10:5)
Xﬁzl’a—x,X7:u%,X8*U%,X9*U%7X10 u%
and
0 0 0 0 0
T = =  Jy= — 2,249 g2
1 au7 2 ay? 3 f@f+g3 + zaAz ZaBiu
0 0 0 0 0 0
Z4_Ai8_/1,+Bi8_Bi’ Zs U%‘Ffa—f—F 9B, 258,
0 0 0
Ze—Ua—+ga—g 198, +B28_BQ’ (10.6)
0 0 0 0 0
Z7—U%+gw+32 (8_1411_(9_1‘12)+(A2_A1)8_Bl7
0 0 0 0 0
Zs—u%+fa—g+31 (8—142—8—141)—1-(141—142)8—32'

10.3 Principal Lie algebra
One can see from (10.6) thpt(wF)(Y) =0onlyif Y = C1Y; + (,Y;. Hence (see

[5], Paper 3, Corollary 3.1), therincipal Lie algebrafor the system (6.1) is the two-
dimensional Lie algebra spanned Ry, X, from (10.5).
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10.4 Commutator table for operators (10.6)

Computing the commutators of the operators (10.6) one obtains the following commu-

tator table:

Zy | Zy | Z3|Zy| Zs | Zs Z7 Zs
Z 0 0 010 A 0 0 Zy
Ly 0 0 010 0 Zy A 0
Zs 0 0 010 0 0 0 0
Zy |l 0 0 01]0 0 0 0 0
Zs || —Z1 0 010 0 0 Z7 Zs
Zg 0 —Zy| 010 0 0 Zn —Zg
Zr 0 —Z1 | 0|0 | -2 | —Z; 0 L — Ly
Zs 0 —Z5| 010 0 —Zs | 45— Zg 0

(10.7)

Remark 10.1. The commutator table for the operators (5.5) is obtained by removing

from Table (10.7) the columns and rows corresponding to the opergiofs.
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KADOMTSEV-PETVIASHVILI EQUATION:

NONLINEAR SELF-ADJOINTNESS
AND CONSERVATION LAWS

NAIL H. IBRAGIMOV
Department of Mathematics and Science,
Blekinge Institute of Technology, SE-371 79 Karlskrona, Sweden

Abstract. The method of nonlinear self-adjointness is applied to the Kadomtsev-Petviashvili
equation. The infinite set of conservation laws associated with the infinite algebra of Lie point
symmetry of the KP equation is constructed.

Keywords: KP equation, nonlinear self-adjointness, Lie point symmetries, Conservation laws.

1 Lie point symmetries of the KP equation

It is convenient for our purposes to write the Kadomtsev-Petviashvili [1] equation
D, (up — utty — Ugyy) = Uy, (1.1)
or
Uty — UlUgy — Ui — Ugzaza = Uyy,

in the form of the system (see [2] and the references therein)
Up — Uy — Uggy — Wy = 0,  wy —uy = 0. (1.2)

The Lie algebra of the infinitesimal symmetries of the KP equation (1.1) as well as
of the system (1.2) is quite similar to the infinite-dimensional symmetry Lie algebra of
the Lin-Reissner-Tsien equation [3]

2()0tx + PzPrz = Pyy (13)

describing the non-steady state gas flow with transonic velocities. The symmetry Lie
algebra of Eq. (1.3) has been obtained in [4] (see also§®}). It involves five
arbitrary functions of and contains, in particular the following operators:

0

Xy =31 (t)% (Pt 0y + 2f (W,

ox
(1.4)

0
+ (1102 + 2O + 30" = )] 5

(© 2011 N.H. Ibragimov
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KP equation: Nonlinear self-adjointness and conservation laws 139

0 0 2 0
X, =g(t)= + g t)y=— + [2¢"(t ~g" ()P = 1.5
g g()ay+g()yax+[9()w+39()y]aw, (1.5)
X, = h(t)g + [20/(t)z + 2R" (t)y?] 9. (1.6)
ox %) '
The system (1.2) admits the following operators (compare with (1.4)-(1.6)):
a0 R TN , 0
Xp =35+ (Fo 5 /") g +20 vy
(1.7)
_ [Qflu‘l'f//l"f— lf///yQ}g . [3f’w+f”yu+f”’xy+ lf(4)y3}i
2 ou 6 ow’
0 0 0 1
X = 99— Y A V) 1" -, 27 1.8
9 =205 0V~ Vg, [u+g"e+ 59"y o (1.8)
0 0 0
X, — h— — A N/ 1.
h h@x h@u hyaw’ (1.9)
wheref, g, h are three arbitrary functions of We will ignore the obvious symmetry
0
Xa = Oé(t)a—w

of the system (1.2) describing the addition.t@n arbitrary function of.

Note, that the operators (1.7)-(1.9) considered without the g%rapan the infinite-
dimensional Lie algebra of symmetries of the KP equation (1.1). They coincide (up
to normalizing coefficients) with the symmetries of the KP equation that were first
obtained by F. Schwarz in 1982 (see also [6] and [7]).

2 Nonlinear self-adjointness

The Kadomtsev-Petviashvili equation written in the form (1.1) or in the form of the
system (1.2) does not have a Lagrangian. Let us investigate the KP equation for non-
linear self-adjointness [8].

The formal Lagrangian for the system (1.2) is written

L =v(u — ully — Upgy — wy) + 2(wy — uy). (2.1)

The reckoning shows that

oL

% = —U; + UV + Uggz + 2y,
oL

5 U
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140 N.H. Ibragimov

Hence we can write the adjoint system to (1.2) in the form
Vp — Wy — Vgge — 2y = 0, 2 — v, = 0. (2.2)
Egs. (2.2) become identical with the KP equations (1.2) upon the substitution
v=u, Z=w. (2.3)

It means that the system (1.2) is nonlinearly self-adjoint, specifically it is quasi self-
adjoint ([8], Section 1.6, Definition 1.3).

3 Conservation laws provided by Lie point symmetries

Let us introduce the notation

T =1, 3:2:3:, Igzy, u' = u, u? =w

and write conservation laws in the form of the differential equation

[Dy(C") + D,(C?) + D, (C*)] 12 =0, (3.1)

2)
where|(; o) means that the equation holds on the solutions of the system (1.2).
We will use the general formula given in [8] for constructing the conserved vector

associated with symmetry
0 0

-+ % —
ox’ ou®
of a system of differential equations with a classical or formal Lagrangiéince the
maximum order of derivatives involve in formal Lagrangidrgiven by Eqg. (2.1) is
equal to three, this formula is written

X=¢

A , oL oL oL
t=¢ « —D; | — D;Dy | ——
=L+ ou ! (aug;) Mt <8u%k>
o | 0L oL o OL
+D,(77) | 5~ Dy ( au%) #D,DLV) g

where
We =n*— fju?.
We will apply the above formula to the symmetries (1.7)-(1.9). Invoking that the
system (1.2) is nonlinearly self-adjoint with the substitution (2.3), we will replace in

C'" the non-physical variables and z with « and w, respectively, thus arriving to
conserved vectors for the KP system. Since the formal Lagrangian (2.1) vanishes on
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KP equation: Nonlinear self-adjointness and conservation laws 141

the solutions of the system (1.2), we can omit the teéffh and take the formula for
the conserved vector in the following form:

ci=we [z% - D, (%}) + DjDk(a‘zgkﬂ (3.2)
+ D, (W) [(jfa] - Dk(aigk)} + D; D (W) aig—k ,
where
We =n* — {'ju;?‘, a=1,2. (3.3)

Using in (3.2) the expression (2.1) fdrand eliminatingy andz by mans of Egs.
(2.3) we obtain

Cl = uWt,
C? = —(u? + Upe )W + wW? +u, D, (W) — uD?(WH), (3.4)
C3 = —wW!' —ulv?.

The expressions (3.3) for the operator (1.7) are written:

1 "
Y y2f ) (35)

1
W = =3 fu; — (2u + zu, + 2yu,) f' — (:E + = yQUx)f” 5

2

1 1
W? = —3fw; — (3w + 2w, + 2yw,) f' — (yu + 5 yrw, ) [ — ay " — G T
Substitutingi¥! given by (3.5) in the first equation (3.4) and eliminatingby
using the first equation (1.2) we obtain

C! = — 3(vPuy + Wlyey + uw,) f — (20 + zuu, + 2yuu,) f’

1 1 (3.6)
_ (xu + 5 QZUUI) "o 5 y2uf”’.

Now we single out the total derivatives with respecttandy, by taking into account

the second equation (1.2), and rewrite (3.6) in the form

1 1
O = =5 0 = (of" + 50*f")u+ Do(P) + Dy (@), 3.7)
where
3 3 1 1
p_ 9 9 9 9 3 2 e 202
Quz+2w u? — 3utly, | f 2f:vu 4fyu,
O = —3fuw — f’yuQ. (3.8)
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Thus, the first component of the conserved vector can be reduced to the form
~ 1 1
Ct= -5 fru? = (zf" + 5 y: " u. (3.9)
Remark 3.1. In reducing (3.6) to the form (3.7) we use simple identities such as

1
2

1
uwy = Dy(uw) — wuy = Dy(uw) — ww, = Dy(uw) — D, <§ w2>,
2yuu, = D, (yu®) — u®.
To find the second component of the conserved vector, we substitute the expres-
sions (3.5) ofi¥’!, W2 in the second equation (3.4), add( P) with P defined in (3.8)
and obtain:

02 - 02+Dt(P)

= (uum + gu - éux - §w2)f/+ (xum + —zu® — ux)f”
1 1
+ 7 0+ 2% — day) [ = Sy Y 4 Dy(R),
where 5 )
R = (2yuum + 3 yu® — yu? — yw? — :L‘uw) = 3 yuw f. (3.10)
Thus, the second component of the conserved can be reduced to
2 1 3 1 2 1 2 / 2 "
C* = (uum+§u ol 5w )f + (xum—i- U —ux)f
1 1
+ Z (y2u2 + 2y2u:rx - 4a:yw)f"’ - 6 y3wf(4)' (311)

Finally, the third component of the conserved vector is obtained by substituting the
expressions (3.5) d¥/!, W2 in the third equation (3.4) and addifg (Q), D, (R) with
@, R defined in (3.8), (3.8):

C? = C? + Dy(Q) + D,(R).

The reckoning yields:

~ 1 1
C® =uwf + zwf" + (zyu+ 5 yw) [+ G yPufW. (3.12)

Ignoring the tilde in the quantities (3.9), (3.11), (3.12), we summarize the result in
the following statement.
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Proposition 3.1. The infinitesimal symmetry (1.7) of the Kadomtsev-Petviashvili equa-
tions (1.1) provides the conserved veafor= (C*, C?, C3) with the components

1 1
Cl — _5 f/u2 o (mf” + §y2f///)u’
2 1 3 1 2 1 2 / 1 2 "
C? = (uum—irgu — 5l 5w )+ (zz:um—l—iazu —ug) f
1 1 (3.13)
+ 7 W0+ 2% — daye) [ — S ywf @,

1 1
o3 — wo '+ ww !+ (xyu—l— §y2w)f”’ + 6yi’>uJC(4)_

Remark 3.2. The validity of the conservation equation (3.1) for the vector (3.13) fol-
lows from the following equation:

Dy(C") + Dy (C?) + D, (C?)
= (f S G 9 st 0, — ) (3.14)
@ oy )y - )

The similar calculations for the operators (1.8) and (1.9) yield the following.

Proposition 3.2. The symmetry (1.8) of the system (1.1) provides the conserved vec-
tor C = (C*, C?%, C3) with the components

' =yug",
027 TW — YU _1 u? //+1 200"
= Yoo — 5 yu” ) g7+ S ywg” (3.15)
1
03 — —(xu—i—yw)g” _ §y2ug///'

Proposition 3.3. The symmetry (1.9) of the system (1.1) provides the conserved vec-
tor C = (C*, C?, C?) with the components

C' =k,

1
C? =yl - (u .1 u> ", (3.16)
C3 = —wh' —yuh”.

143



144 N.H. Ibragimov

Different approaches to construction of conservation laws for the KP equation can
be found, e.g. in [9, 10, 11]. In particular, the Lagrangian approach and the Noether
theorem are used in the paper [11] which contains an interesting discussion of the
infinite set of conservation laws. Note that the second equation of the system (1.2)
guarantees that the vector fidld, w) has the potentiap defined byu = ¢, w = ¢,

Then the system (1.2) is replaced by paential KP equation

which, unlike equation (1.1) or the system (1.2), has a Lagrangian, namely

1 1 1 1
L=—- S B 3.18

Now the Noether theorem can be used upon rewriting the symmetries of the KP equa-
tion in terms of the potentiaj. This approach is used in the paper [12] which contains
profound results on the conservation laws associated the infinite algebra of Lie point
symmetries of Eq. (3.17). In particular, it is demonstrated their that the differential
and integral forms of the conservation laws are equivalent only when the functions
f(t),g(t), h(t) in the symmetries (1.7)-(1.9) are low-order polynomials. For the de-
tails | refer the reader to [12].
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AND CONSERVATION LAWS OF
THE THOMAS EQUATION
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Abstract. Itis shown that the Thomas equation is nonlinearly self-adjoint. Using this property
and applying the theorem on nonlocal conservation laws the conservation laws corresponding
to the symmetries of the equation in question are computed.

Keywords: Thomas equation, Nonlinear self-adjointness, Symmetry, Conservation law.

1 Introduction

Henry Thomas [1] suggested a mathematical model for describing the exchange of ions
of a column of zeolite with a solution in which it is immersed (e.g. for water softening).
The crucial assumption in constructing his model is that the rate of exchange of the
cation into the zeolite obeys the simple law of two opposing second-order reactions:

op
ot
Herep(l,t) andc(l,t) denote the cation concentrations in the zeolite and in the solu-
tion, respectively, at timé and at distancéfrom the input end of the zeolite column.
The initial values op andc are denoted by andc,, respectively. Then, using the law
of conservation of exchanging cation and introducing the new independent variables

oot (L
_R7 y_m R )

wherem and R constants describing the zeolite density in the column and constant
flow rate of the solution, respectively, Thomas demonstrates that there exists a function
u(z,y) such that

ki(a —p)e — kap(co — ¢), k1 # ko k1, ko = const.

du = cdy — pdzx.

Using all this information he arrives at his renowned model given by the nonlinear
second-order partial differential equation fgrr, )

Uy + Uy + By + Yuzuy, = 0 (1.1)

(© 2011 N.H. Ibragimov and R. Khamitova
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with constant coefficients, 3, v determined by
a =maky, [ =mcoks, v =m(ks — ko).

It is manifest that they satisfy the conditions> 0, 5 > 0, v # 0.
Thomas showed that Eq. (1.1) can be solved analytically. Namely, the change of
the dependent variable
w = ey (1.2)

maps Eq. (1.1) into the telegraph equation
Way — afw = 0. (1.3)

Solving an arbitrary initial value problem for Eqg. (1.3) by the well known Riemann’s
method and using the transformation (1.2) one obtains the solution of Eq. (1.1).
Note that the equations (1.1), (1.2) and (1.3) coincide, except for notation, with the
equations (9), (11) and (12), respectively, from [1].
Eqg. (1.1) can be reduced to another linear equation, namely, to the linearized equa-
tion (1.1):
Zyy + 2y + Bz, =0, (1.4)

by the transformation (see [2], Eq. (2.17))
yu =1Inz (1.5)

or by its generalizations (see [3], [4]) which are, however, mere combinations of (1.5)
with symmetries of Eq. (1.1).

As mentioned above, the cation conservation is presupposed in derivation of the
model (1.1). The question however arises if there are other conservation laws. The aim
of the present paper is to investigate this physically significant question by applying
the method of nonlinear self-adjointness [5] to Eq. (1.1).

2 Nonlinear self-adjointness

Let us investigate Eq. (1.1),

F = gy + auy + Bu, + yugu, = 0, (2.1)
for nonlinear self-adjointness. The adjoint equation= 0 is defined by (see [6]):
J
F*=—wF)=0. 2.2
~(vF) =0 2.2)
Herev = v(z,y) is a new dependent variable afthu is the variational derivative:
J 0 0 0 0
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Nonlinear self-adjointness and conservation laws of the Thomas equation 149

We will identify the first and the second independent variables with the time-like vari-
abley and space-like variable, respectively. Then the total differentiatioh are
written

0 0 0 0
Dl:Dy_8y+uy8 -I—uy]a +uy]kaujk—l—---,
0 0 0 0
Dy,=D,
2 8 +uxa +u”6 +uwkau]k +

The expanded form of the adjoint equation (2.2) is
F* = vy — (o + yug)vy — (B 4 vy ) vy — 270Uy,

According to [5] (see also [7]), Eq. (2.1) is nonlinearly self-adjoint if there exits a
substitution

v=p(,y,u), ¢yu)#0, (2.3)
such that
F* = \F, (2.4)

where ) is an undetermined coefficient. The close concept was suggested indepen-
dently in [8].
Let us investigate Eq. (2.1) for nonlinear self-adjointness. We insert the derivatives

Uy = Pyt Pully,
Vy = Pg + Pulyg,
VUzy = Py T Pyulle T Prully T PuyllzUy + Oy lyy

of the substitution (2.3) in Eq. (2.4) and obtain the equation

(Pu = 299)Uay + (Vzu — WPy — V) Uy + (Pyu — Yoy — Bou)Uz

+ (90uu - 2790u>ua:uy + Py — APy — ﬁ(pa: = )\(umy + AUy + ﬁux + ’Yu:ruy>
It splits into the following system:

Pu— 27p = A, (2.5)
Pau — WPy — VPz = QA, (2.6)
Pyu — Yy — Biou = BA, (2.7)
Puu — 270 = VA, (2.8)
Pry — apy — B, = 0. (2.9)

Eq. (2.5) determines. Substituting it in Egs. (2.6)-(2.8) we obtain

Pou — 200y — VP + 2079 =0,
Pyu — VPy — 280y + 2070 = 0, (2.10)
Puu — 3790u + 2/72(,0 =0.
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The last equation in (2.10) has the solution
o(z,y,u) = Az, y)e*™ + B(x,y)e™, (2.11)
therefore Eq. (2.9) splits into 2 equations:
Ay — @Ay — BA, =0, (2.12)
By, — aB, — 3B, = 0. (2.13)
Substituting (2.11) in the first two equations (2.10) we obtain the equations
A, —20A=0, A,—23A=0.

whence
A(z,y) = Ke2Pvtao) K — const.

This function also satisfies Eq. (2.12). Thus we have arrived at the following result.

Theorem 2.1. Eq. (2.1) is nonlinearly self-adjoint. The substitution (2.3) has the form
v(z,y,u) = Ke2Pvreetr) L Bz y)e
whereK is an arbitrary constant anél(x, y) is any solution of Eq. (2.13).

Remark 2.1. Since Eq. (2.13) and Eq. (2.12) represent one and the same equation,
the functionB(x, y) = *¥+22) provides one of particular solutions of Eq. (2.13).

Remark 2.2. Eq. (2.13) is the adjoint equation to the linearized equation (1.4).

3 Symmetries of the Thomas equation

We choose an infinitesimal generatoradmitted by (2.1) in the form

0 0 0
_ ¢l 2 _ .

EqQ. (2.1) admitsX if the condition
XF=0 (3.2)

is satisfied on solutions of Eg. (2.1). We prolong the generdtdo the derivatives
involved in Eq. (2.1):

0 +e 0
123umy

0 0 0 0
_ 1Y 20 O
X =g 8y+€ 8x+n8u+glc‘9uy +C28u$
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where
G = Di(n) —u;D;(§7) = Dyi(n) — uyDi(£") — ua Di(€?),
Ci2 = Do(C1) — uyy D (51) - urme(£2)-

Then the determining equation (3.2) will have the form:

XF}F o = (G2 +ai + BC +Y(Gruz + uyG)] g = 0.
Here
Cl - ny + (77u - 5;)“;; - f;ua: - fiuyux gu Yy (33)

C12 = Ny + (nmu - fiy)uy + (nyu - 62 )uz + (nuu - 1u — & )U’yux
- galzu yuui - iuuzui - £ uyu - (5 + gluﬂc)u’yy (35)

- (gy + fuuy)um + [N — 5; - 5;5 - 2€uuy - quux]uxy

151

andu,, = —(au, + Bu, +yu,u,) should be substituted into (3.5). Since the functions
£, €2 n depend only one,y, v, the determining equation can be split into several

equations. Terms with the derivativeg, andu,, are only in¢;,, therefore we obtain

the following equations:

yy - gi = O, fqi = 0; Ugg - 532/ = 07 éi =0. (36)

Hence¢! = £l(y), € = &*(x). The use of Egs. (3.6) helps to simplify the formulae

(3.3)-(3.5). The remaining equations are

Uyl * Moy + V1 = 0, (3.7)
Uy Tgu + V1o + €2 = 0, (3.8)
Uz > Myu + V1l + /653,1/ =0, (3.9)

Nay + oy + By = 0. (3.10)

Eq. (3.7) yields) = f(z,y)e "™ + g(x,y). Then it follows from (3.8), (3.9) that

19, + 08¢, =0 and g, + € = 0.

Hence 5
1 Qo
r,y)=—— — =& (x).
9(z,y) 75 (v) 75 (x)
Eq. (3.10) splits into 2 equations:
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and
&+ =0. (3.12)

Thus
1 —yu Q 6
§=Cy+0Cy, &L=-Ciz+C3 n=flr,y)e ™+ (;l’— ;y) + Cy.
Hence the symmetry Lie algebra of the Thomas equation is spanned by the following

generators:

0 0 0 0 0 0
Xl_ﬁ_y’ X2—%, Xs—%, X4—’Yya—y—’7$8—x+(@x—5y)%(3-13)

and 5
X5 = f(z,y)e ™ — (3.14)

ou

wheref(z,y) satisfies Eq. (3.11).

4 Conservation laws due to nonlinear self-adjointness

According to [6] we introduce a formal Lagrangi@ah= v F. We write it in the sym-
metrized form:

1
L=v §(umy + Uyy) + qy + Bug + yuguy, | (4.1)

A conservation law corresponding to the operator (3.1) has the form
D,(C") + D,(C*) =0
which is satisfied on solutions of both equatidns- 0 and F* = 0. Here

D oL oL oL L
C _§L+W[8—W—Dj(87ij)}+pj(vv)87ij, W =n—€u, i=1,2. (4.2)
4.1 Case lw =¢e? ¢ =2(8y+ ax + yu)

For this choice of) we obtain

oL oL
o~ Diau;) =0
therefore ]
Cl=¢L+ 5e<f>D_,E(W), (4.3)
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1
02 = f2£ + §€¢Dy(W).

The generatoX; corresponding to the translationgrgivesiWW = —u,,. It follows
from Eq. (4.3) that

C = —a6€¢ + D, [1 (uy + é) ed’} :
Y 2 Y

Transferring the second term @' to C? in the formD, [% (uy + g) e‘f’} we arrive at

1 1
02 = §€¢Dy(W) + Dy [5 (Uy + g) €¢:| .

Hence

Ch = —O;—ﬁe‘b, C? = ('yuz + 2fBu, + —) e?. (4.4)

The conservation law has the form
[Dy(C") + Do(C?)] =0 = [Dy(e?) Flr—o = 0.

Other conservation laws can be calculated in the similar way.
For the translation in: with the generatoX, we havell = —u,. EQ. (4.3) yields

1 2 1
C'' = —e’D, (W) = (yui - a_) e’ + D, [— <g — ux) e¢] :
v 2\
Thus
a? af
O = (vui — —) e¢, C? = <2auy + —) e?. (4.5)
Y Y
The conservation law has the form

[D,(CY) 4+ Dy(C*)]p—o = [Da(€?) F]p—o = 0.

We can simplify the vector (4.5); = (C*, C?), further. Denoting the vectors (4.4),

(4.5) byC and(, respectively, we take the linear combination

1 /. o=
C=—-(C-=C
Y ( 6 >
and obtain the new vector with the components

C' =ule?, (2= ——u§€¢. (4.6)
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Now the conservation law has the form

[D,(CY) + Dy (C2)]pp = {2 <u - %uy> eﬂ —0.

F=0

The translation in: with the generatoX; gives a trivial conservation law, its den-
sity C'* can be incorporated i6.
For X, we have

W =n—&u = ax — By — yyu, + yru,,

and Eqg. (4.3) yields:

1
€' = [+ afaz = G+ Jet + Dy {3 1y +20s) + 6y — aal ).

Hence
C' = [—y*zu? + a(ax — By + 1)]e?,
C? = [Yyul + 2v(By — ax)u, + B(By — ax))e’. (4.7)
The conservation law has the form
[Dy(C") + Do (C?)]peo = [-29We? Flp—g = 0.
For the generatak; given by (3.14) we have
W= flz,y)e,

wheref(x,y) is any nontrivial ((z,y) # 0) solution of Eq. (3.11). Invoking Eq. (4.3)
we obtain

C'=(fa+af)e’ + D, (—%fe‘i’) :

Thus
C' = (fo+af)e?, C*=—(yu, + B)fe’. (4.8)

The conservation law is satisfied in the form
[Dy(cd) + Dz(02>]F:O = [_7f€¢F + (facy + afy + 6fa:)e¢]F:0 - O-
It is easy to show that, + o f # 0 for any nontrivial solution of Eq. (3.11).
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4.2 Case 2w = B(z,y)e™, By, —aB, — B, =0
Here B(z,y) # 0 is any solution of Eq. (2.13). In what follows we use the notation
® = B,, —aB, — (B,.

Egs. (4.2) yield the following formulae for the conserved vector:

cCl=¢dr+w [(1% + a) B — 134 v + 1Be”’“Dm(I/V) , (4.9)
2 2 2

C*=L+W {(%uy + ﬁ) B — %By} e 4 %Be'y“Dy(W) .

Using Eq. (4.9) we obtain for the symmetky
ct = —éBmeW + D, {(luy + é) Be“’”} .
gl 2 gl
Hence
Cl = —éBer, C? = (uy + é) B,e™, B # const. (4.10)
Y Y

The conservation law has the form
[D,(C) + D, (C?)]p—o = [BE™F + u,e™®] p_y = 0.

For the particular solutiol(z, y) = e2(?¥+2%) of Eq. (2.13) mentioned in Remark 2.1
we can choose

C' = —% e, C?= (uy + g) e, ¢= 2(By + ax) + vyu.
For the generatak, Eq. (4.9) yields

1 1 1
C' = ~(aB, — Byy)e™ + D, { K——um - 9) B+ —Bx} evu} .
g 2 gl g
It is easy to show that B, — B, # 0 for any solutionB(x, y) # const. of Eq. (2.13).
Using Eq. (2.13) we obtain
1 1 u 2 ﬁ U
C" = —(aB; — By)e™, C°=|u,+— | B,e™, B # const. (4.11)
Y Y

The conservation law is satisfied in the form

1
[D,(C") + D, (C?)]p=g = [Bue™F — S e Dy ()] o = 0.

155



156 N.H. Ibragimov and Raisa Khamitova

In Case 2 the generatof; provides a nontrivial conservation law. Eq. (4.9) gives
1
Ol = (O{B — Bz>€’yu + Dm (§B€7u> .

Thus
C' = (aB — B,)e™, C? = (yu, + 3)Be™, B #0. (4.12)
The conservation law has the form
[Dy(C") + D, (C?)]p=o = [Be™F — ""®]p_y = 0.

For calculating the conservation law corresponding to the geneitave will
further simplify Eq. (4.9) by excluding the trivial conservation law with the density
£'L. Then we obtain

C' = [2Bye + (1 — 2a2)B, + a(ax — By — 1) B] ™

1
+ D, { {53(30@ + By + yyu, + yru,) — :BBJ;} ew} )

Thus
C' = [#Byy + (1 — 2a2) B, + alaz — By — 1)B] ™,
C? = (yu, + B)[yB, — B, + (ax — By)Ble™, (4.13)
where zB,, + (1 —2ax)B, + a(ax — fy — 1)B # 0. (4.14)
The conservation law has the form

[D,(C*) + Da(C)]pmo = |1lyBy — 2B, + (ax — By) Ble™F

+ (yyuy + By — ax + 1)’ ® + xe”“Dx(Q))] =0.
F=0

Invoking Eq. (4.9) we obtain for the generator (3.1X}),

C'= f(aB - B,) + D, (%Bf) .

Hence
C'= f(aB - B,), C?=B(f,+8f), B#0, f+#0. (4.15)
The conservation law has the form

[Dy(C") + Da(C*)p=o = [B(fuy + afy + Bf:) = f(Buy — aBy = BB, )e™]p—o = 0.

Itis a trivial conservation law.
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5 Application of Noether’s theorem
The telegraph equation (1.3) has the Lagrangian
L = w,w, + afw?’. (5.16)

The change of the dependent variable (1.2) maps (5.16) into the following Lagrangian
for Eq. (1.1):

L = [y(ouy + Bug + yugu,) + 2a3)e> @t (5.17)
The operatorX, from (3.13) satisfies the invariance condition
X(L)+ LD;(¢) =0 (5.18)

of the variational integral with the Lagrangian (5.17). Therefore we can apply the
Noether theorem. Calculations show that the result of this application is the vector

C' = [—y*zu} + a(ox — By + 1)]€?,
C? = [Vyul + 2v(By — ax)uy, + B(By — ax)]e?,

i.e. the conserved vector (4.7) obtained by using the nonlinear self-adjointness.
One can verify that all other operators from (3.13) satisfy neither the invariance
condition (5.18) nor the divergence condition

X(L) + LD,(£") = Dy(BY). (5.19)

Hence, application of Noether’s theorem to the symmetries (3.13) gives only one con-
served vector for the Thomas equation, namely, the vector (4.7).

6 Summary

In this section we summarize all conserved vectors for the Thomas equation (1.1) pro-
vided by its symmetries (3.13). The conserved vectors contain the fungtiens),
B(z,y) and¢(z, y, u) defined as follows.

The functionf(z, y) is any solution of the linearized equation (1.4):

The functionB(z, y) is any solution of the adjoint equation to Eq. (1.4):

B,, — aB, — 3B, = 0. (2.13)
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Finally, the functiony(z, y, u) is given by

¢ = 2(By + ax + yu).

The operators(y, . .., X; are taken from (3.13).
We have constructed the following nontrivial conserved vectors.

2
X Cct = —Q—fe¢, C? = <’yu§ + 20u, + %) e? (4.4)
and
ol — _égmevu7 C? = (uy + é) Bye™. (4.10)
8 Y
1 , o ¢ 2 aBy ,
Xy C"=(yu,——]e?, C"=(2au,+— e (4.9)
Y 8
and
1 1 U 2 ﬁ U /
C' = —(aB, — By,)e", C° = |u,+— ) Bye™. (4.17)
Y g

We have simplified the vector (4)5nd obtained the new vector with the components

Xo: C' =ule?, C? = —%u§e¢’. (4.6)
X3 C' = (aB — B,)e™, C* = (yu, + B)Be™, (4.12)
Xy C'= [l + alax — By + 1)]e?, (4.7)

C? = [y’yul + 2v(By — ax)uy, + B(By — ax)le’

and

C' = [#Byy + (1 — 2a2) B, + a(az — By — 1)B] ™, (4.13)
C? = (yuy + B)[yB, — ©B, + (e — By) Ble™,

where zB,, + (1 —2ax)B, + a(ax — fy — 1)B # 0.

X5 : C' = (fo +af)e?, C*=—(yu, + B3)fe’. (4.8)
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